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Ok fint commGndng to read the Differeiiti*! Calcnlna, t tnbject which open* 
■ wide field of tnaljtical research, the student enters upon an entirely new 
l^tem of thought. In hia preriana inveatigationa he haa always been 
Knutomed to cooaider quantities, whether knomi or unknown, ai having 
Mme fixed or determinate value ; he has now to conceive the Talaes of 
certain qoantitiet to undci^ continuous chan^, and to operate upon 
UiMe changes with new sTmbola and new processes, which in themielves 
ksve but a remote analog; to ordinary Algebra. 

When two qnantiUes, thus continuously variable, are connected by an 
inilytical equation, and their valaes are therefore mutually dependent on 
nch other, and they arc aupposed to be affected by umultaneoua changes, 
it ia evident that the fncrementi will alao be connected by aome corresponding 
analytical idation. The primary object of the Calcnlos is to eatabUsh general 
methods of iuTcstigating the nature and properties of such relationa when 
I Hie changes or incrementa are supposed to be smalL To etFect this, it it 
' first reqaisite to trace the successive laluea of the ratio subsisting between 
I two increments, when the increments IhemselTes are supposed to continuously 
decrease in magnitude, and to determine the limiting value of this ratio when 
they ultimately become infinitesimals. This nltimnte or limiting value ia, 
ia (act, that which represents the ratio - when the increments are supposed 
I ibiolutcly to vaaish, and it is completely defined and accurately determined 
bj referring the luccesiive values to the rccogniied law of continnity. The 
opoation here describe is the true foundation of the Calculus, and the 
1 conditioii of contiDuity, especially insisted upon in the present treatjse, 
tatirely removes from the limiting value that obscnre and indeterminate 
I chuacter which otherwise farms an insuperable obstacle to a proper 
comprehension of the first principles. 
We recommend the student to make himself ^miliar with the methods 
I of "limiting ratios" and "infinitesimals." The theory of Infinitesimals 
y is literally that of the Difi^rentisl Calculus, and the principal law which 
Kguldte* ttila theory is directly inferred from the method of limiting ratios, 
i The two methods are indeed virtually but modifications of the same idea. 



IV FREPACB. 

Thui, in compuiDg together the relative vnlnea of an^ two infiniteaimsls, thg 
rejection of terma involving infiaiteBimaU of higher orders it, !□ effect, 
precisely the same as that of proceeding to the ultimate ratio at th« 
iofimlesimal quantitieg bj the method of hmiti, and «uch ruction m»J 
in reality be said to be the operation of cropping domi the quanlitica to 
tbeir ultimate or limiting relative proporliona. The method of infiniteumals, 
sometimes called the method of elements, is therefore aa correct in its 
reasonings and deductions, and as accurate in its results, aa the method 
of limits, and, being less abstract in its nature, its iqiplicttion, nben properly 
understood, is uinalty attended b; greater facility and cleanwas, espedally 
JD abstmse investigations. 

In prepanng the present publication, we have endeavonred to do jostice to 
each Chapter by restrictiag the applications to matters of general interest, 
which was considered to be essentially more solid and satisfactory than any 
attempt to give, within the prescribed limits, a meagre outline of a more 
extended variety of subjects. The first five Chapiers comprise the entire 
theory of the Calculifs as a pure branch of analysis, and the remuning 
Chapters exhibit the applications to the theory of maxima and minima, and 
the geometry of carve lines. The general theorems of Euler, Lagrange, and 
Laplace not being essentially reqaiied in the body of the work, though very 
important to be known by those who may desire to eitend thmr course of 
reading, are inserted at the end of the last Chapter. 

The subjects contained in the several Chapters are treated according to the 
most elegant and approved methods of investigation, some of which are 
presumed to be new; numerous interesting examples, exhibiting their re- 
spective results, are inserted for the exercise of the student, and copious 
explanations are given of the precise nature of the prindptes hivolved in 
the varioDs operations. It is hoped that these explanations tnay tend to 
obviste the peculiar difficulties so commonly experienced in the acquirement 
of correct notions, and, b; making good the foundation, conduce to the 
rational and satisfactory advancement of the intelligent student in obtaining 
a knowledge of one of the greatest superstructures of the hnman intellect. 
Should this expectation be in any degree realized, we shall experience a cor- 
responding gratificatiOD, 
- London, ifmvh, tS52, 
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THE DIFFERENTIAL CALCULUS. 



CHAPTER I. 



D FIRST PRINCIPLES. 

(I .) By means of Algebra we investigate the Tarioas nnraerical 
ind symbolical relations snbdsting amoDgat fixed quantities, 
some of wtucb are known and otbers unknown, the ultimate 
object in general being to evolve tbe nnknown valnes, or to 
express tbem in terms of thqse wbicb are known. 

la the Differential Galcnlns certain values or quantities 
related to each other are supposed to continuously increase or 
decrease in value, and our object is to inves^gate the relations 
■obdstuig amongst the corresponding changes that take place 
m their values when those changes are indefinitely diminished. 
Although the chains themselves are supposed to be in&uteljr 
small, it will be found that the ratios which these changes 
bear to one another are usually finite and appreciable, and 
therefore snitaUe subjects of investigation. 

(2.) The symbols which enter ii 
Differential Calculus are of two kinds, representing eotutant 
quantities and eariahle quantities. 

A eotutant quantity is one which retains the same deter- 
minate value, this value being unaffected by the supposed 
^changes in other quantities. 

A variable quantity is one which admits of a succesrion of 
cUfferent values. 

(3.) A variable quantity varies conrifluotwly when in chang^g 



into the operations of the 
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from one value to another it passes throngh eveiy intermediate \ 
value. For example. If a pomt be supposed to move along a 
curve line it will do so continuously, since in moving from one 
position to another it must have passed through every inter- 
mediate point. It follows therefore that quantities vrhicli vary 
continuously may be supposed to increase or decrease by very 
small variations, capable of being diminiehed to any extent. 

(4.) Kfunetion is any analytical expression involving one 
or more variable quantities, and is usually called a function of 
the variable quantity or quantities nhich it coatains. Thus x', 
x^ •(- ax, •/ a' — x^ are Amctions of x, and a» + hy, 
«^ + y* + xy are fimctions of a; and y. 

Functions are frequently denoted by prefixing one of the 
characters F, /, ^, ^, &c. to the variable or variables, aaHot 
Irevity tbey are sometimes indicated by a single letter. 

Functions are the same in form "when the quantities are 
involved in the same mtuiner. Thus x' -f- ax is the same 
fiinction of x that y^ + ay is of y; and supposing F to be the 
characteristic of x^ + ax, that is, supposmg x'' + ax to be 

■ indicated by Fx, the expression y' + ay will be similarly 
indicated by Fy. In like manner if x* + y' + aiy be re- 
presented by / (x, y), the expression u* + o' + « e would be 
denoted by/ (m, e). 

Functions which, in a finite number of terms, involve the 
ordinary algebraical operations of addition, subtraction, multi- 
plication, division, involution and evolution, ore called Alge- 
braical Ftmcltons. According to this definition, a x + 5, 

„._,«, ^i_lf ,(«-,) ^ji+T., »-r^ („._ 5 ,+ «.)♦ 

and all expressions belonging to pure Algebra, are algebraical 

■ functions. 

Functions which do not exhibit the ordinary algebraical 
operations and which do not admit of being so expressed in 
finite terms, are called Tramcendental Fanctiotu, Thus a', 
log X, sin X, are transcendental functions ; the first being 
eipouential, the second logarithmic, and the third trigono- 
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tnetrical. There are other transcendental Ainctions bedded 
these, arisiDg out of certain Bpecial researches, but it will not 
be uecesseiy to particularize any of them here. 

(5.) When a variable qiiautityxis assumed to pass to another 
valae, the amount of change or the difference between the two 
values is called an Increment or Difereace. Similarly the 
di£feFeiMie between the f;wo corresponding values or the cor- 
responding change that takes place in the value of any 
function of x is the increment or difference of the function. 
These increments are usually denoted by prefixing the symbol 
&. Thus A«, A ifx) are simultaneous increments of x and 
fx, the corresponding new values being i + Ar and/(j + &x) 
<a fx +A(/x). When a value becomes decreased by the 
sapposed change, the increment is to be uaderstood as having 
a negative value. 

(6.) Let u —fx, denote a function of a variable quantity ;r. 
Suppose X to receive a small increment A^ so as to become 
of the value x + Ax, and let the corresponding value of u be 
supposed to be u+Au=/(x + £ix). Let the binomial 
function /(x + Ax), when expanded in terms involving the 
int^iral powers of A «, be also supposed to give 

« + in =f(x + Ax) =fx + P A;r + Q A*' 

+ Raj» + &c (I) 

in which P, Q, R. &c. are new fimcUons of x, independent of 
A X, and owing their forms entirely to that of /> ; also A :r is 
to be regarded as a single symbol, so that ax'', Ax^, &c 
indicate (Ax)\ (a«)', &c. From this and the initial equation 
u —fx, we deduce 

Ai< = PAa' + Q-A4'' + EAT^ + &c (2) 

and this value would represent the difference or increment of 
the function u according to the theory of Finite Differences. 

We have also, dividing by as, 

— = P + QAa + RAJr3 + &c (3) 
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EEtch ttep in this dedodwii, indndiDg the diTinon hj Ar, ; 
is tVee from ambignity when Aji is of any Tiloe, grest 
or small, positive or negadve; bnt the remit has no 
intelli^ble ugnificaticm when &x is zero, for as soon aa A» 
absolutely vani^es, we immediately lose all idea of quantity 
on the left-hand ude of the equation, and the fraction 

takes the sii^ular and indetenninate form -. As, howerer, 

the equation mnst obTionsly hold for every other value ex- 
cepting Ax = 0, we may take Ax extremely BmslI, and it stilt 
will be strictly tme for every value between that and zero ; and ' 
aa there is no symbol of discontinaity on the right-band side '. 
of the equation, we may, by applying the principle of continuity 
to the fraction, inclade the existence of the equation, when A x 
actually Taniihea. Thus we should have 

^(wheni*=0) = ^ = P (4) ' 

and the coeflSdent P wiU there&re represent the limiting 
value of the fraction — , when An and Ax aimnltaneonsly 

vanish ; and here we must not overlook the implied condition 
that the particular value thus assigned to the vanishing fracdoB 
when it reaches its indeterminate state -, is determined by a 

conrideration of its successive values and is that which obeys 
the continuity existing amongst all the other values as Ax 
GontinnouBly diminiBhes from a ' small position to a small. 
■Motive value. This condition of continuity forms the basis 
ofwfaat is usually called the "theory of limits" or of "limiting 
ratios," and should be well understood by the student, who 
win afterwards not experience any difficulty in acquiring a 
true conception of the first principles and objects of the Calculus. 
The equation (3) has been made to merge into the equatitm 
(4) by supposing the increments ah and Ax to absolutely 
vanish. It is evident that the former equation will assimilatv 
to the latter to any degree of neamess by conceiving the volnea 
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of An, A« to diminUh, and that thef will be indefinitely near 
when A* is indefinitely nuall. In order therefore to impart 
some tangible signification to the aymbols on the lef^hand 
aide of the equation (4), the Taloes of An, A^, instead of being 
absolute leroa, are supposed to be extremely small quantities 
having the same ratio to each other as the limiting rado ex- 
pressed by the equation, and they are then designated by du,- 
, dx. The equation is therefore stated as follows ; 






. (5) 



The indefinitely small qnentities du, dx, thns related, are 
called the differentiah of it and x, so that Ydx represents the 
Tslue of the differential of the Amcdon u ; and IVom what has 
preceded it is erident that the smaller dx is ooncetved to be as 
a change in the value of a, the more nearly will dv assimilate 
to the actual correspondii^ change in the value of u. 

The quantity * which is first supposed to vary and on the 
differential of which other differentials are thus made to depend 
is called the otdtpendeHtomable. 

' The coefficient P is called the differttdial eotfficient of the 
iimction «, with retpeet to x, because it is the coeffident or 
multiplier of the differential dx which deteimines the dif- 
ferential of the fimction.. 

The atudent will observe that in the Calcnlas the letter d is 
not in any case employed as it may be in Algebra, to represent 
quantity or value. In this sense it has no isolated ugnification, 
and it is never used excepting aa the symbol of operation which 
characterizes the differential of the variable to which it is 
immediately prefixed. 

{?.) The peculiar difficulty in the preceding deductions is pre- 
dsely analogous to that which occurs in conveying an adequate 
idea of the meaaurement of the velocity of a body when that 
velocity is continuously Tariable., When the veloci^ is uni- 
Ibnn, the space ai^d time will vaiy proportionally, and the 
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velodty will be correctly represented by tlie ratio, or fraction^ 
apace described 
time of describing it 
Trhich ratio, or fraction, will preserve the same value whether 
the space and corresponding time be taken great or small. 
But when the velocity is variable it is obvious that the above 
fraction cannot accurately define its value at the point from 
which the space is supposed to be measured, because the 
space, however small, will then be described by a. continuous 
succession of different relocities. It is however evident that 
the smaller and smaller the space and time are taken, the 
closer will their ratio approximate to the true velocity, ant) 
that the diminishing error of such approximation will become 
completely exhausted when we take the limiting ratio as the 
quantities are supposed to vanish. The velocity of the body 
at any point is therefore represented with rigorous exactneaa 
by the limiting value of the above fraction when it takes the 

form -. And thus by analogy the differential coefficient of 

any function might be defined to be the velocity with which it 
increases when the independent variable varies luuformly at a 
rate, to be taken as the unit of measurement. In the geo- 
metrical application of this idea, which was the ori^ of Sir 
Isaac Newton's method of fluxions, a line is supposed to be 
generated by the motion, or flowing, of a point, a surface is 
supposed to be generated by the motion of a line, snd a solid 
by the motion of a surface. It should be observed however 
that our preconceived notions as t« the estimation of velocities 
of movement, though serving the purpose of illustration, are 
not suffidendy elementary to be made the basis of a brandi of 
pure science. 

The particular considerations under which the equation (2) 
has been converted into the differential equation (5) conduct 
us to the ingenious theoiy propounded by Leibnitz, called the 
theory of infinitesimals, the principles of whidi may now he 
briefly explained. 
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(8.) Before entering npoa this part of the suhject it should 
first be premised that the phrases "infinite number" and "infi- 
nitely small quantity," which embody the principal objects of 
our reasonings, are to be nnderstood aa haring only a relative 
signification, since aU operations connected with them in the 
' literal or absolute sense of the terms are inconceivable. Thns 
, an " infinite number " is to be considered in a qualified seuM 
j as infinitely great in comparison with any finite number ; and 
' ' an " infinitely small quantity " is also to be relatively oon- 
tidered as infinitely small in comparison with any finite 
quantity. 
If any finite quantity be snpposed to be divided into an 
I infinite number of parts, each part will be infinitely small and 
I is called an infimteaimtd, because an infinite number of these 
is required to make np the finite quantity ; it is also when 
compared with other infinitesimals sud to be of the first order. 
By supposing one of these infiniteaimals to be similarly divided 
into an infinite number of smaller parts, each of these is called 
I an infinitesimal of the second order, and an infinite number of 
them will be required to make np an infinitedmal of the first 
order. In like manner by supposing each successive infini- 
tesimal to be divided into an infinite number of parts, infini- 
tesimals of still higher orders are obtuned. 

The same process also leads ns to the conception of different 
orders of infinities, the word infinity, as belbre, having only a 
relative and qualified signification. Thus the number of 
infinitesimals of the first order contained in the finite quantity, 
viz. the infinite number of parts into which it is divided, is an 
infinity of the first order ; the number of infinitesimals of the 
second order contained in the finite quantity is an infinity of 
the sec<nid order, &c., &c. It is evident therefore that infini- 
tesimals and infinities, of the same order, are reciprocally 
related, since the one multiplied by the other produces the 
finite quantity. Sometimes an infinitesimal is called an 
" element" of the integral or finite quantity of which it ioraxt 
■ part. 
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Keferring to the equation (2) in wMcli *, u astud, U aap' Jm 
posed to represeat tm arithmetical value, ve may Bsanine fl 
&« = ~, N denotiiig any ntunber or nomerical value. Whoi I 

N is a large nnmher, &x becomes a small qtundtf , and a tenn -t 
V&t which inrolves its first power is in such case oaaally ' 
called a siDall quantity of the first order with respect to Ar; 
Q&x' which inTolres the second power is of a still smaller 
scale of value, and is said to be of the second order with respect 
to Ax; Ra'^ is called a small quantity of the third order with 
respect to Ax, &c. If N be supposed to be an infinite 
number, Ax will become an iufinitesiiuBl, and denoting it by 
ii, we have 



^" W N 

&0. &C. 

Hence as P, Q, K, &c. are anpposed to be finite coefficients, 
it follows, according to the pieceiUng definitiona, diat the 
terms Vdx, Q,dx^, Rdx^, &c. are infinite«mals Bererally of 
the first, second, tiiird, &c. orders. 

By Buppoung the number of parts into which the finite 
quantity is divided to be progressively augmented, the cor< 
responding infinitemmal will become dinunished, and in the 
extreme case the quantity may be assumed to be divided into 
an infinite number of parts, in tbe absolute sense of the tenn. 
in which case it is easy to conclude that each of the parts 
must become ultimately lero. In tbus proceeding to the 
extreme case, the nature of the reasoning is in effect the same 
as that employed in dedudng the limitj tig ratio or uldmate 
value of a vauishing fraction. The taws of infinitesimals are 
also founded upon this extreme case, and their operation is 
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ahnjTS exact, for this umple reason, that the exteeme limit 
= ia, in all mathematical iuveatigatioiiB, ondentood to 
be ^plied to the final result of infinitegimal dedoetiona. These 
lawa Bie as follows : 

I. In any equation containing terms of finite value, other 
terms which represent infioiteBimal quantities may be omitted; 
because in the extreme case these infinitesimals become absolute 
aeros. 

Thus in equation (3) when Av, Au become infinitesimals 

d^ioted by dx, d«, &e fraction ^ being not necessarily an 
infinitesimal, the equation, according to this rule, becomes 

being in fiud the same as the extreme limit of the equation 
before expressed in (4) or (5). 

II. In an equation containing infinitesimal quantides of any 
order, all infinitedmals of higher orderi may be omitted. 

for example, in the equation (2) if d« become an infinitesi- 
mal dv, the terms du, F d* will be infinitesimals of the first 
order, snd the other terms will be infinitesimals of higher 
orders. Therefore, omitting these, the equation will become 

dM = Fd*. 

This eridently follows by first dedudng the equation (3) and 
then taking the extreme limit as before. 

III. In comparing two infinitesimal quantities, if they are of 
the same order they will have a finite ratio to each other, but 
if of different orders the r^o will be either sero or infinity. 

' For example, let Ad*", Bdc" be two infinitesimals, both 
of Hie Mth order with respect to dx, then 

Adr" 



Agam, let Ai2r"'^", Bdx'^ be two infiuiterimals of the 
A 5 



an infiniteMmal of the nth order, 
an infinity of the Mh order; 
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(«+«)th and mth orders respectirely, then 
Arfj'"+» _ A At' 
B<ir- ~ ~&~ 
Bdx" _ B 
Ad»-+" ~ Air* 
and, at the extreme Hmi^ these become 

Air-^- ^ B<to- 

BJ«» =•* A^S+J^"*- 

(9.) The method of determining the position of a tangent 
to a plaoe cnrre euppUea an el^jant geometrical eliuadatLOn of 
the dgnificatioti of die differential co- 
efficient of a fimctiaQ. Let APB be 
a curve line ; P a point in the curve 
the ooonlinates of wUch are A D = «, 
D P = y ; Q anotlier point in the curve 
tiie coordinates of which are A ly = * 
+ A*, lyQray +Ay; and stij^»ae the carve to be deter- 
mined \>y an equation of the form y ^/«> any innction of ». 
Then trom what preeedes. 

Ay = Pa» + QA«'-|-Ri«» + 8ic. 

^ = P + Qa* + Raj^ + Sec. 
In the diagram, Aai = PO, AysG-Q, and therefore 
~ = tanZ.«PG. Consequently 

tan Z.»PG = P-HQa« + RA»' + &c (o) 

From this equation we in^ that if &x be taken less and 
leas towards sero, the value of tan « PG will appnmmate to 
the differential coeffident (P) as its utmost limit. For the 
geometrical limit of the angle « P G, as A2 deereaaes, we may 
suppose the point Q to ^pniach nearer and nearer to the 
pdnt P, and watch the progress of the line rt which passes 
through them, or we may suppose the line rt to turn 
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gtadxaUy about the fixed point F, so that the intenection Q 
shall proceed towards F. The former of these inppoiitions 
will lead oltimatelf to an indeterminate result, whilst the 
latter will proceed at once to the extreme limit. Thns on 
the former snppodtion, when the point Q finally arrives at the 
point F, and the two points hecome one, it is evident that an 
indefinite nnmber of line* can be drawn throngh them, and 
therefore that the poutiou of the line r* is so &r indetomi- 
nate. £ut on the other snpposition, if the motion of rt be 
conceited to cease the instant the poiid Q arrives at the poiiU 
P, it will then assume the position of the tangent B S, which 
touches the cnrre at the point P ; and this is ofavioualy the 
only position wUch can obey the law of continnity amongst 
the positions that precede it. If we now suppose Uie motion 
of r« to continue onw^d, it is evident that it will begin to 
intersect the cnrre on the other side of the point P, or between 
F and A, end that the positions will then have reference to 
n^ative nines of A x. The line r » will thns pass through a 
continuons series of poaitioiis aa &x gradoaUy diminishes from 
posidve to negative values ; and when ax = 0, though the 
podtion, as depending on the two ptnuts through which it has 
to pass, is then indeterminate, yet Uie position B S is the only 
one that can partake of the continuity eristing amongst all the 
others, and the angle SPG is the only one that can partake of 
the continuity existing amongst the preceding and following 
values of that angle. Now, according to the equation («), the 

P + QA» + Ra*' + &C. 

itrictly corresponds with the valne of tan « P G for every value 

of A* except rsro; and hence as the valuesof this series as A« 

I passes from positive to negative values are wholly continuous, 

I and consequently, when Asi!=-0, the first term P partakes of 

that continuity, it is conclusive that 

tanSFG = F=^ (,8) 
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which may be either considered as « haedoa whose ntunermtor 
and denominator ue the differentials of the ordinates, or the 
differentiHl coeffirient of y considered as a function of«. 

By this resnlt it is evident that the differentials of the ordi- 
nates X, y may be relatively conceived aa represented by two 
small coordinate lines Pm, mp temdnatiDg in the tangent at 
a contignous point j>. 

(10.) After v^at has now been explained the stndent wiU 
not ful to observe that the leading principle of the Galcnlos 
arises out of the following considerations: 

When a fraction, vrbich in a particular case takes the inde- 
terminate form X, expresses the value of a quantity which we ' 

have reason to know from the nature of the subject does not 
become discontinuous in that case, or genera^y when such a 
traction enters in any equatTon, the other terms of which are 
not discontinuous, the fraction is, under such circumstanceo, 
necessarily limited to continuous values, and conseqnentljr, 
when the numerator and denominator vanish, it must take the 
particular limiting value assigned by the law of continuity. It 
is on the ground of continuity alone that the mathematical 
accuracy and logical rigour of the principles and applications of 
the Calculus may be considered to rest. The fundament^ 
prindple of our operations, according to the theory of Umits, 
conaiats in this, that if the increment of a function be divided 
by the corresponding increment of the independent variable, 
then as the increments are taken less and leas towards cero, so 
wilt the quotient tq>prosimate in value to the differential co- 
efficient as its utmost limit. Thus the differential coefBcient 
is that particular value of the vanishing fraction which cod- 
fbrms to the law of continuity amongst the other values : and 
nnce this is the Identical value of the fraction, which always 
enters as the subject of investigation, the truth of the principle 
on which the Calcnlus ia applied, in the case of limits, may be 
r^arded in the strictest sense, and at die same time rakdereA 
clear and tetisfkctory to the understanding, , 
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(il.) There is yet another mode of laying down the first priD- 
dples of the Calculus, which, at the onset, has the advantage of 
otmating all conaderadons of infiniteaimala and Hmidog ratios, 
to as to brii^the auhject within the scope irfordinvy Algebra. 
This method, commonly called " the method of derived fhnc- 
tions," b presented hy Lagrange iu his "Fh^orie des Fonctions 
Analytiqaes,' and the investigatiomi, which in their nature are 
purely algebraical, are at the same time elegant, systematic and 
logical. In substance this method is equivalent to the fbUowii^ : 

Let K denote a small accession to tlie value of a Tariable 
quantity it which thereby becomes of the valne « + A ; and 
suppose the binomial function /(* + h), when' developed 
according to the powers of A, to be as in eqnadoa (1), viz.: 

/(* + A) =/* + Pi + QAS + RA» + &c. 
in winch P, Q, R, &e., as before, denote new AmctionB of x 
whose forms depend wholly upon that of/*. 

Then the coefficient P, which is identical with the differen* 
tial coeffidcnl, Lagrange defines to be the first derived Sanc- 
tion ; he designates it by ft, and observes that it is quite 
independent of the value of h. By treating the derived 
function f'x in the same manner, that is, by expanding 
/'(r + A) and again taking the coefficient ofh, a second derived 
Amotion, demgnated hjf'x, is obtained; and this process is 
fiutber supposed to be successively repeated to third, fourth, 
&c. derived functions. 

(12.) These definitions being premised, the more immediate 
objects of the calculus of derived functions are : 

1. The form of any function fx being given, to determine 
the forms of the derived fimcticms, and to effect generally the 
form of the development of the binomial function fit + A)( 
with other problems relating to the expansion of fhnctions. 

2. Hie form of a derived function being ^ven, to find 
that of the or^iinal or primitive function, &c., &c. 

The problems comprised in the first of these are equivalent 
to those of the Difierential Calcolos ; and those of the second, 
which refer to the inverse operaticnu of the Cslculus, are in 
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efibct the same as the ioTerae processes of mtegradi^ differen- 
tials and differential equations in the Integral Calculus. And 
these abstract analytical prohlems, which embody the essential 
principles of the Calculus as an instrument of investigation, ore 
thus established nithout introducing any ideas relating to 
infinitely small quantities or limiting ratios, all considerations 
of small quantities being in &ct deferred to their legitimate and 
inevitable occurrence nhen we come to the actual applications 
of the Calculus to the Tsiious geometrical and physical subjects 
which arise in the different branches of mathematical science. 

We have here given a brief exposition of the fundamental 
prindples according to different methods of treatment, because 
a knowledge of each of these will be necessary to enable the 
student eventually to acquire a thorough command of the 
poweriid resources of the Calculus. After a Uttle experience 
he will not fail to discover that the collective reasonings em> 
pitted in these methods are substantially alike, and that they 
in reality constitute the same grand unique system of deduction, 
only exhibited under diSerent points of view or modified for 
the purpose of more immediate adaptation to particular objects 
ofinvest^ation. 

(13.) Before entering upon the manual operati(ms of the 
Calculus or discussing the practical methods of differentiating 
functions, we shall here condsely repeat those preliminary 
ideas respecting the operation of differentialion, which should 
in the first plaoe be ^tinctly impressed upon the mind : 

If) when the variable quantity a increases by an increment 
AX, a fimction u or /« increases hy An or A (/*■) ; then the 
"differential coefficient" of the function is determined by 
ascertaining the ultimate ratio of the increments, or the limiting 
continuous value of the fraction ^■"^'"ent function ^ Au ^ - 
mcrement vanable S* 

-, V -.. .ffben the increments are supposed to vanish, and this 

differential coefficient is symbolized by -z— or {- , wid 
sometimes more briefly by «' oij'x. 
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I If we AuHieT sappoie the expaoaon of the bmcmial ftmctum 
/(jr + A x), according to the aacen^ag powers of A«, to be 

/(* + A*)=/* + Pa* + Qa«' + &C.; 
then the coefficient P of A «, ethibited by the secood tenn, 
will also be the differential coefficient of the fiiuctioa /(*) ; 
that is, 

^ or ^JM = p. 

In tbese relations da and cf r may be regarded aa simnlta- 
neons infinitesimal increments of u and j^ ; but tbis idea is not 

always necessary, because ■?- may be either considered as a 

fraction determinii^ the ultimate ratio of two infinitesimals or 
aa an abstract symbolical representation of the coefficient P, 
according to the nature of the investigation. 

The following esamplea, in wbicb tbe differentials are deter- 
mined irom first principles, will practically expl^ their 
operation. 

Example \. — Let «= *' ; then, as the equation is general 
for all valnes of *, when x becomes « 4- A« it will ^re 
(» + Ati) = (* + A«)S = *3 + 2*A« + A«=. 

From this take away the first value u = x\ and we get 

Au = 2*Ajr + A*" .•. j^=2« + A*, 

Thi& last equation is accurately true fbr all raluea of A«, 
however small, and the value of 2 « + Ax on tbe right- 
hand side, will evidently change continuously aa we suppose 
Ax to continuonsly diminish and ultimately to vanish. Hoice 
making A x ^ and taking the limiting value of the fiaotion 

■— , denoted by t-, we obtain 
A* ' df 

du 

■j- = 2x ordu = 2xdx, 

dx ' 

which is the differential of the proposed fondion % = s\ 
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Example 2. — Let w = x* + Sa'* ; then, when * becomeB 

* + A*, 

B+ AB=:(j; + A«)» + 3oS(*+ A«) 
= *> + 3a'* + 3(»* + o')A4f + 3«A** + A»>. 
Beject M = *■ + 3a**, and 

4i( = S(*' + a*)A« + 3«A*» + A*' 

.■. — = 3 (** + 0^ + 3*A* + A*'. 

Hence, as before, making Ax = and taking the limit, we 
get 

JL = &(g3^.o3) or rfu = 3 («' + o") rf*. 

Example 3. — Let « = -v - ^^ — J 



o'+bx + bAx _ a' + ftj _ (a' + 6^AJ 

^'*~ fi— *-A*. 6-« - (6-i){6-*~a*) 

Ab _ 'a' + b» 

" &x (S — «) (6 — * — Ax)' 
Therefore, at the limit, 

dx {b — x}' {b — x)' 

The process of finding the differential coefBcient or the 
differential ofany proposed function is called "differentiation," 
and we proceed in the following Chapters to establish the 
principal rules by which we are guided for the purpose of 
facihtating the actual performance of this operation on the 
different forms and varieties of timctions. 



(, Google 
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CHAFTEB n. 

DIFFERENTIATION OF WVHCTtOVa. 

1. Alfitbraieal Funeliont. 
(14.) A constant qnanti^ connected with a ftmeticm by the 
nffi of addidon or subtraction will disappear after diffeien- 
ti&tion. 

Let tt = P ± e, P denoting any limction of a raiiable i. 
When K becomes « + A«, suppose P and « to lespectively 
beccHooe P + aP, n + An ; thni 

« + a* = (P + aP) + c. 

From thia snbtrsct « = P ±e tad there remains the in- 

« ™. . *A« -iP .. dti dP 

crement Att = AP. Therefore -— = — - and hence -j- = j- 

A« Ax ax i» 

ardtt = dV, in which result the constant quantity e does not 

appear. 

(15.) A constant qnantity connected with m fbnction aa a 

multiplier or divisor will remain as a mnltipKer or difisor after 



Let M = eP, Pas before denoting any Ainctitm of a Tuiable 
X i then when «, P take the new Tallies v + am, P + aP, 

K + Aw = C {P + AP). 

From this subtract ii = cP, and we get Aii = eAP 
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(16.) Tbedifferendalofafiaactionconnstiiigoftwo ormora 
terms, connected by the aigna of addition or anbtrtdioii, ii 
found bj difierentiadng each term separately and coUectJng 
the resnlta nith th^ proper signs. 

Let « = P + Q + R ± &c., where P, Q, R, Sec. are fimc- 
tions of « ; thea when « takes the tbIhb x + ax, the fimctifni 
ti will become 

* + AH = (P + aP) + (Q + aQ) ± (R + AR) + &c. 
From this subtracting the former value » = P+Q±Rj; ftc, 
we get 

AK = aP ± aQ + aR + &c. 

A* A* — A* ~ A* ~ 

Hence 3- = -7- + -5— + -5 — I- «c. 
dx dx ~ ax — dx ~ 

or rfa = liP + JQ + rfR ± &c. 
(17.) The differential coefficient of any constant powCT of 
the iudependent Taiiable x is found by multiplying by the 
exponent and dimimshing the exponent by unity. 

Let « = «■ { then irtien x takes the value x + Ax, u + An 
= (* + A*)". 

.-. AB = (x + A*)"-*". 

To find the value of Au in powers of Ax it will be necessary 
to expand Una binomial ; bat the second term of thia expansion 
will suffice for our present object, and this may be readily 
found by means of induction, independently of the binomlBl 
theorem, 

Firat, auppoae the exponent n to be a positive integer. By 
multiplying succeaaively hy x + Ax, diaregaiding the terms 
which involve the second and higher powers of A«, and in- 
dicating thoae terma by + &c., we obtain 
(* + A*) = * + A* 
(* + A«)' =«■ + 2*A« + &C. 

.C.HvsIc 
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■\ (,r + iff)' ,= 4f' +3«*A* + 4c. 

(x + A*)* = ** + 4*' A* + &C. 

And generally, (* + i*)"=:«" + a*"-'A» + &c. 
The value of An is therefore of the form 

All = «*■-' A* + Qa«* +Ra»» +&C. 
where Q, B, &c. denote certain fonctions otx and n. Hence 

— = a*"-i +Qa* + RA«» +&C.J 

and this eqnation b tme for bH values of A s. By proceeding 
continuously to Af = and taking the limiting value of the 
fracdou, it ultimately ffns 

■5- = «*"■•• ordi( = *«"-'ii«. 

The aame reasoning and the same tesolt also obtain when a . 
instead of being considered the independent variable is sap< 
posed to represent any fonction of another variable. 

Secondly, suppose the exponent to be a negative integer, 

or •. = *-; then. = i? i. + Ai. = ^^^ji^ Mrf 

I J__ (* + Aj)--X" 



_1 ''*'~'aj + Qaj;'+Raj' + &c. 
*" (« + A*)" 

AB _ _ itjf— ' + QAj? + RAr' + ftc. 

• * A* ~ *" (* + A#)" 

By proceeding as before to the limidng value, this gives 

Sv BX"-' _ , . . , . . 

-T- = — — s — -= — nr-"-' or «« = —««-■-• (I*. 
dx *'" 

lliird^, suppose the exponent to be fractional, or « = 
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w" ; tLeini" = «"' B 

. . du MX 



If tbe fraclioiial exponent be n^atire, or M = « * ; then h* 
ss*-"andnM"-'((i( = — ««"■""' rf*, which in the same 

du M^-=-». 

way g)ves ^ = - - * 

The rule ia therefore trae for all powera, whether the expo~ 
nent be poeitiTe or negative, integral or fractional. 

(18.) The differential of any constant power of a Ainctioa 
is found by multiplying by the exponent, diminiBhing the 
exponent by unity, and finally multiplying by the differential 
of the function. 

Let v = P", P bdng a ftmction of x ; then proceeding as in 
article (1 7), only substituting F in place of x, we obtain . 
dM 
dP~ 



^ = iiP--i aadii( = »P--»rfP. 



As in the former case, this mie is also trae for bU powers, 
whether the exponent be potddve or n^jative, int^;ral or frao- 
tionsl. 

Cot. Hence also j- = iiP"-' — 
dx dx 

and (f H = a P ■- ' T— dx, 
dx 

(19.) ThedifferentialofafimctionconBiBtingoftwoTariable 

factors is tbund by mnltiplyiug each factor by the differential 

of the other, and adding t<^;ether the two products. 

Let u = P Q, the factors P and Q being functions of x. 

When * becomes x + ax the correapondii^ ™luea of «, P, Q 

will he M + 4t», P + iP, Q + aQ respectively, and then 

K + an = (? + aP) (Q + aQ) = PQ + QaP 

+ (P + iP)aQ 
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,-. At(='QiP + (P + iP)AQ 

A« Ax ^ ' Af 

Hence,' makbg the increments vanish &nd tnlnng the limit- 
ing TalueB, we get 

'§' 

ax 

(20.) The differential of afunctionconastii^;ofiuiynumber 
of Tariable factors ia found by adding together the products 
formed by multiplying the differential of each of the factors by 
all the others. 

Let u = P Q R, a function connsting of three variable factors 
P, Q, R. By conndering the Amction u to consist of two 
factors PQaadB, we have by (19) 

iu=B.d(P<i) +PQ<iR 

= R(QrfP + PrfQ)+PQ<iR 
= QRdP + RPdQ + PQrfR. 
Smularly ifK = PQBS, the product of four &ctors, we 
obtain 

d« = S<i(PQR) + PQRiS 

= S(QR<IP + RP(iQ + PQiR) + PQRdS 
= QRS<(P + RSP(iQ + SPQ<fR + PQR<iS; 
aad^e same process of derivation may evidently be extended 
to any number bf factors. 

(21.) The differential of a function in the form of a fraction 
is found by multiplying the differential of the numerator by 
the denominator, from this product subtntcdug the differential 
of the denominator multiplied by the nnmerator, and dividing 
the remainder by the square of the denominator, 
p 
Let 11 = ^1 Pand Q being functions of'; 

[i.MiftcovGooi^le 
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• ^ = AJ A x 

"a* Q (Q + aQ) ■ 
Hence taking the limiting valaea wlten aj^ = 0, i 



q4 



d^ „,^.._ QrfP-PrfQ 
Dil "" OS 



Tlie different forms of (unctions, conadered in the foregoing 
. articles (14) to (21), comprise all the combinations of qnauldt; 
that can be effected by the ordinaiy operatiaus of Algebra, 
and they vill therefore enable ns to differentiate all algebraical 
fimctiojis, howerer complicated. We shall now apply them 
to a few examples. 

1. Let it be required to diS'erentiate ti = 3« + 2a. 

Here, by (14) we must disregard the constant t^rm 2a, and 

by(I5)wehaTe ^ =3 or<i« = 3rf«. 



, This bang written u = * - ', we have by (17), 

— =— 1 X«-'-' = — *-'= a or du= a- 

rfx t'^ *' 

3. Differentiate u= 2**+ a** — 3o'«». 
By (15) and (17). 

dx dx dx dx 

= 2(4««)+a(3*')-3a"(2*) 
= 8*' + 3o** — 6o>x. 

4. Differentiate i( = 4 «^. 

[i.MiftcovGooi^le 
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Here ^=4iji = 4(|,«-) = 6z* = 6^. 
dx ax 

. 5. Differentiate a = (a + *) (J + x). 

By (14) and (19), 

rfu = (J + r) ((* + (a + *) rf* = (o + 6 + 2*) rf* 

or — = o + i + 2*. 
(/« 

6. Differentiate « = (i - 2)* (*» + 3). 
By (18) and (19), 

(Ib = (*»+3) X 2(*-2)i«+ (* — 2)»x2*(fc 
= 2 (* ~- 2) {2*^* - 2 » + 3) 4t. 

.-. ^=2(ir-2)(2*S-2* + 3).. 

7. Differentiate « = o"*" + 6"*~. 
By (15) and (17), 

8. Differentiate k = (o + *)(6 + 2«) (c + 3*). 
By (20) we have 

rfu = (6 + 2«) (c + 3*) . d* + (c + 3x) (o + s) . 2 (fa 
+ (fl + ir)C6+ 2«).3<iF 

•"• ^=(* + 2*)(c + 3*) + 2(c + 3r)(o+*) 
+ 3(a + *)(6 + 2*) 
= C3ffl6 + 6o + 2oo) + (12a + 66 +4c)* + 18*'. 



9. Differentiate u = - 

By (21), 

_ (a-x)x.fj-(a + r 

■*"-' («^r^^ 
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r) rfj + (n + j) rfj _ 2aifj 



|(=V .orii"^ ^ 



Here rf« = 



-t(»-i)-tii» 



" i< 2(o-») 

(ii-r) + (a + .) 



2(a-.)(a-»)t(o + »)" (o-i)l{» + »)t 



.Otbenrise, by Bquaiing, we have «' = and, by the 

iada 



last example, 2it(A( = 



(0-*)»' 






"(a-*)-/^^?^^' 



Write » = («»- *»)* andby (17), (18), 
,ia = |(flS-*?)-* x-2*<i«=- 



12. Diff^ntwte w = ■v'ffl'T2i*T«'. 
Here i(= (oS + 26* + «*)*; 

.-, rfi( = i(o» + 26« + ««)-*X(2*(fa + 2*<ir) 
(ft + *) rf* 



Gooi^le 
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13. Differentiate « ^ Ji^i^i^^ ^ C?!+£^_ 
By (18) and (21) 

j^^ _ x^ X 3 (g^ + ^!')^j^ A^ - (a^ + ^«)t x 3T'd> 

rf« _ 3 j3 (a^ + ^^)* {^a , (^2 ■). ,.j } 



Otherwise, writing the function in the form 
II = (a» + it*)**-*, we obtain by (19) 
rf« = *-a X3*<ir(a« + jr3^*+(as + ,a)?x -3»-« 
= Si* (a^i + *')* {j;-s -a.-* (aS + *»)} 

14. Differentiate u = -7=?. 



a^ — x^ 
15. Differentiate a =^°"'"*~"'^''~' 



Differential of the nnmeretor 

= i (a + *) - * di + i (a - :r) -I rf> 
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Differential of the denominator 

= i (a + x)-idx - i(a - x)-idT 
^a + x - Va~x . 

Therefore by (21) we have 

3 ^ i ^ — ^ — ■■'' 



(o+ ■/o*'-a'2) ■v' a- - 0^* «= Va^. 



Writing (n^ — t^)' for ^ a* — *', we similarly have, bv 
(21), 

_ -(a'~a*)(itf'j + «;t') + (8fl<-4fl'j'_j«)j, ^ ^ 3ir'.ir 

17. If « = (a - «) (6 + i) ; then ^ = a - fi. 

1 3 3 ^ iw /x + 3V 



20. If» = (2 + i')»'l-i'i t 



'lU J^ 



21. Ifi(=-^-5 — Vo! + x»! then 



<ii i*vV + * 
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(22.) Expressions under the form of square roots are of 
very frequent occurrence in analTtical inveBtigatious, and their 
dtfTerentiation, accordiug to art. (18), n»ng| for the exponent, 
suggests the following simple and expeditions mle ; 

The differentia] of the square root of a function is found by 
taking half the differential of the function and dividing the 
same by the square root of the function. 

This useful rule may he practically applied by the student 
to Nos. 11, 12, 14, 16, 20, 21, of the preceding examples, and 
it will enable him at onee to put down the final resvdt in all 
ordinary cases of this kind. 

II. Logarithmic and Exponential Functiona. 

(23.) The logarithmic function k = log ar depends upon the 
exponential relation a" = a 'of * = «. Thus if o i^ ' = *, and 
a'oBJ' ^ y, we have, by multiplication, a^'*'^» -s^xy; but 
a lof ('») = ay, 

.-. log* + logy = log(*y), 
which is the fundamental property of logarithms. 

The constant quantity a is indeterminate and may have any 
proposed Talae. It is c»lled the base of the logarithmic 
systexa belonging to it, and, since a' =: a, it is evidently the 
□umber whose logarithm in the same system is equal to unity. 

Since x = o", we haw x + £a = a''*^'', and therefore 



In taking the limits of this equation we observe that the 
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limiting continuous tbIuc of the fraction ^^, which ia 

ij 

common nitb — takes the form t: nlien &u = 0, must be ft 

function of a and independent of 4b, Denoting this function 
by X a, we have 

X a = limiting Talne of — 1!_ when 6 = 

dx 

du~ "" 

Again, tbe equation * = o" g^ves ** = a"*, 6 denoting any 
.value whatever. Therefore 



This equation ia neceasarily true for all values of 6. By 
proceedmg to the Umit 6 =^0, u6=9, the continuous values, 
from what precedes, obyiously (pve 



The value of the fonction \x may readily be obtained in a 
series by putting — 5 — in the form ^ 

Thus, by expanding according to the binomial theorem and 
putting d = in the final result, we obtain 

X*=(*-l)-iCr-l)' + i(*-l)8-i(x-l)« + &c., 
GO that the last expression for 1<^ ;r may be written 

(x - 1) -|(4r- 1)' + i(x^l)'i-i(x~ 1)4 + &c. 

(„ - 1) -.^0 _ I)i + ^ (a_ 1)» -i (a - 1)« + &c.: 



These equations apply generally to a system of logarithms 
havii^ any value a for the base. According to Biigga'a 
system, on which the logarithmic tables in common nse have 
been calcoUted, the hue a = 10, which greatly fadlitatea the 
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use of the tables in arithmetical calculations which involve 
decimal numbers. 

(24.) If the value of a be so assigned that \ a = 1, we shall 
have logx = Xj^, and logo = Xa= 1. This value of a will 
simplify the analytical relations and give the Napierian system 
of logarithms, of whidi the valne of a so determined is the 
base. Hence it follows that the function we have indicated 
by X characterizes the Napierian logarithm. To determine the 
particular value 6f a which will fulfil the proposed condition 
X a = I, instead of using the series for A a take the initial form 
of this function, and we bave 

limit of — -— = I, when 6 = 0: 


.: a = limit of (I + 0f, when ^ = 0. 
By expanding according to the binomial theorem, we find 

Now, when passes from a small positive to a small negative 
valae, the value of every term of this series will evidently vary 
continuously, and when fl = it gives the limiting value of 

(I + e)» 



2 2.3 2.3.4 

This arithmetical value, which forms the base of the Napierian 

li^rithms, is usually denoted by the letter e, and sometimes 

by the Greek letter r, and these symbols always represent this 
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.1 



arithmetical Talue whenever they appear as roots of exponential 
functioDS. 

The Napierian system, from its greater algebraical simplidty 
and convenience, is also that which is generally employed in 
analytical inreatigations and formulce ; and therefore ^fheIleTer 
a logarithmic expression occurs, the Napierian logarithm should 
always be understood unless the contrary is distinctly stated. 
We have thus, according to this system, the following rela- 



e = limit of (1 + fl)* = 2-7182818, &c. 

When « = logj', the expression for — (art. 23) also 

becomes ~ = *, giving du^ — ; but we shall otherwise 
determine this differentiation in the next article. 

(25.) Differentiation of u = log x. 

When s becomes x + Az, u becomes u + Aa, and we have 
a + Au = log (t + Aj?) ; 

.-. AM = log(j: + Aj)— togj=log^ — ^ = logU + — J 
and, putting — = d, we find 

In proceeding to the limit Ah = 0, aj = 0, d = 0, we 

observe that the continuous limiting value of (1 + fi)* = e and 
that log e = l. Hence 

— = - and da = — 
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Tter^re the differential of the l<^arithiii of a variable 
quuititj is found hy taking the differential of the quanti^ and 
dividing by tlie quantity itself. 

The differential of & power, or of the product of several 
functions, may be readily deduced from this. Thus if a = j", 

then log u = n log x, the differential of which gives — = n — ; 

.■, ^ =n- = ««■-', the same as in art. (17). Agmn, if 
u = P X Qx R, &c., then log « = log P + log Q + log R + 
&c., and .-■ — .~ 'p "^ ■q "R ' ^'"'* 8*'''*^ 



i^u = u I - 



■rfP ^ rfQ ^ rfR ^ 



^•(¥-f- 



which is equivalent to the formula of art. (20). 
(26.) Differentiation of K ^ a'. 
When J! becomes x + ^ wt have u + Au^ a 



But (art. 24) the limiting value of the vanishing fraction 
! — II_, which is of the form " ~ , is log a ; therefore 



dx 



= log a .a', OT Ai = log a . • 



Thus the differential of an exponential quantity having an 
invariable root ia found by multiplying together the logarithm 
of the root, the esponentia! itself, and the differential of its 
exponent. 

Hence, when a = e, or a = e", we have, since log e = 1, 

da 

■— = e', or du = e'dx; 
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that is, the differential o{ an exponential qoantity having for its 
root tbe Napierian base e ia found by mulliplying it by the 
differential of the exponent. 

(27.) Differentiation of u = PS P and Q being fimotions 
aiit. 

Since « = P«, we have log « = Q log P, the differential of 
which givea d (log u) = (log P) rfQ + Qd (log p) ; that is, by 
(25), 

^=(logP)rfQ + Qf: 

.-. rfa = (logP)aiQ + Qa^ 

= (logP) P«dQ + QP«-irfP. 

Hence the differential of an exponential qnantity when the 
root and exponent are both variable is found by adding together 
the differentials obtained by considering each separately as 
constant and the other variable. 

For example, let u = **'. By considering the root j; to be 
constant and the exponent x^ to be vBriable, we obtain by 
(26) the differential (logx) *'' x 2 x dx = 2 a:'' ■*■ ^ rf.r(logj). 
Again, by considering the exponelit x^ to be constant and the 
root * to be variable, we obtain by (17) the differential 
x^ . x'^ -' dx = x''*'dx. Hence, adding these, we find 

dit 

du = x'^+*dx(2\ogx + l) or-T- = j''+" (2 1og* + l), 

The following examples are added as exercises : 
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5. Ifu = e-log*; theng = e.^i + logxY 

6. l(ti = e-'logxi then ^ = e-'^l + mlogA 

1 + * + . 

III. Triffottomelrieal Fvnclioiu, 
(28.) The trigonometrical functions sin x, coa x, tan x, &c. 
are usually coosidered as abstract arithmetical quantities 
having reference to a circle whose radius is unity ; or, which 
b in effect the same, they are supposed to be expressed in 
parts of the radius, the arithmetical value of the variable x 
being supposed to represent the length of the arc measured on 
a circle whose radius is vmity or otherwise expressed in parts 
of the radius of the circle. Other forms result from the 
various combinations of these elementary functions, and as 
they all involve relations between arcs of circles and their 
coordinates they are sometimes called " circular functions." 
1. Differentiation of u ^ sin x. 

When X becomes * + Ax, then u + Au ^ sin (x + Ax), and 
A« ^ sin (x + Ax) — sin x 
= «n {(x + JA*) + jA*} 

— Bin {(* + -Jaj;) - -J Ax} 
= 2 cos (x -f } Ax) sin I Ax 
= coa (« + ^Ar) o1) Ax; 

Aa , , , , , ch Ax 
.*. — = cos (x + t Ax) . 

Now, when Au and At become infinitesimals, or when we 
suppose Ax = with the view of seeking the limit of this 



34 THE DIPFERBNTIAL CALCULUS. 

therefore it will flrat be requisite to ascertaia its limiting 
value. Let ch Ac be conBiiiered to be the side of a regular 
polygon of n sidea inscribed within the circle, and we shall 
obviously hate 

ch Af n ch £ur perimeter of polygon 

is n&x periphery of circle 

If the number of sides of the polygon be siipposed to be 
indefinitely increased, m> will ^ become indefinitely diminished, 
and the perimeter of the polygon will evidently approximate 
more and more nearly to the circumference of the cirde as 
its extreme hmit, so that the numerator of the fraction 
perimeter of polypin ^j,,' j^^,^, j^^^^, ^^ ,„ ^^^^ j^_ 
penphery ot circle 

chitr 
dx 

= unity. Therefore by supposing Af = and takmg the 
limit of the preceding value of — vie obtun the ultimate 
differential relation 

•-J- = COB «, or dti ^ ax cos x, 
dx 

Cor. The limiting value of ■— — = 1, trhen 6 vajiiahcs. 

„ sin fl ich 2tf ch 2(J , ■ , . ,.,1. - 

For = i — — - = , which is of the same form bs 

$6 2$ 

^ ; and therefore expresses the same ratio in the limit. 

2. Differentiation of u = cos x. 

Here A« = cos (x + ix) — cos « 

= cos {(* + jAr)+|Ar) 

-cos{C* + ^ir)-iir} 

= — Ssin (* + |ir)sin|A» 

= — sin (« + J Ax) ch it ; 

■ — — _ ■ ( + 4 irl ''*' ^ 



Hence, taking tbe limit aa before. 



■ dxi) 



Otherwise, aiiicei( = coa J! = Bin (}ir — «), wehaTe 

= — ii« cos (i IT — *) = — ^ sin ». 
3. Differentiation of u = tan a. 

Since w = tan * = , we have, by (21), 

cos* • J \ /• 

cos X rfsin * — sin r dcos * 



_ cos;r(itrcosj) — 8in*( — Jganj) 
~ cos** 

tb (cos^ X + sin* ;r) clr , , 

= — ^^ s = B— = ax sec' 

COS"* COS** 

4. Differentiation of w = cot «. 
Here » = cot * = -; — , and 



= — -r=- = — ds co«ec>x. 
Bin'* 

OtherwiBe, since « = cot» = :^ , we have, accordiiu to. 

tan* ° 

OQUnpIe 2, page 22, and tlie preceding, 

(ftanj) (£reec^* div . , 

<Iks: — =— = s — = — r-s- = — orcosec"*. 

tan'* tan** ain»» 
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Or this differentiatioa may be obtained from that of tanz 
by putting k ^ cot x ^ tau (^ « — jr) ; thus yie have 

rf« = rf (in- - *) sec'' (i IT - «) = - d:r sec' (I n- - *) 

= — rfzcosec'*, 
5. DiffereutiatioQ of u = secz. 







6. Differentiation of a = o 
Here « = cosee x 



- dx cot* o 



Otherwise, since u = coseci = sec (J ir — *), we have, by 
the preceding, 

rf« = d (J IT— «) tan (I IT — *) sec (I IT — *) = — iz cot * cosec .r. 
(29.) The differentiation of other more complicated trigono- 
metrical functions may be easily deduced from the elementary 
differentials here obtained, because all such functions must 
evidently result from certain combinations of these with 
algebraic functions. As it may therefore be useful to re- 
member the results of the preceding trigwiometrieal differenti- 
ations, it will be convenient to collect them together as follows : 
isin* ^ lir cos* I (icos*^ — d* sin* 

rftanj^ dx sec^* rfcot * ^ — dx cosec'* 

[Jsec* = i£rtanxsec« I d cosec* — —liicotxcoaec*. 
They are thus arranged in two columns because the differentials 
in the second column are respectively analogous to those in 
the first column, only using the complementary angle or 
substituting in- — * in place of * ; and, this analt^ being 
once recognized, a remembrance of the three diflierentials in 
the first column will be suffident to surest the others. 



DIFFERENTIATION OF FUNCTIONS. 37 

Examples for esercise : 

1. Ifw = co3:r + J' sin*; then — ^x C09J. 

2. If « = cos"* sin"*; 

then — = cos"-'* siii''-'T(n cos^x — m ain^x). 
dx 

3. Ifi<={2 + cos2*)sm«; then^ = 3coB'*. 

4. IfM=2*siii*+ {2-*^)co9*; then ^ = ,3 gjn j. 

5. Ifu = (2 +3co5»«)sin»i; then ^ = 15cos»:Fsio=r. 

6. liit = Zx — 3ie.ax + lan^x; then _ = 3tan*x. 

dx 

7. If « = 2cosj: + 2*sinx — r^cos*; then Jl = j2 sin *. 

dx 

S. If« = 3*-co3*(3sin* + 2sin3*)( then^ = 8sin*j-. 

dx 

9, If «= e*{eosj + sin*); then — = 2e'co3*, 

IV. Jneerte Funeliont. 
(30-) If* =/«, a function of «, the reverse relatioti which 
indicates the corresponding value of u as depending upon that 
of * is called an inverse function, and is usually written 
K=/-'*. Thus if * = sinw, then w = sin-'x, and this 
inverse trigonometrical function therefore symholicallj ex- 
presses the circular arc whose sine is*. Similarly u = l(^-'j 
expresses the number whose Napierian logarithm is equal to *. 
The differentiation of an inverse function follows immediately 
from that of the direct function. For, taking « =/-'*, we 
have * =^u, the differential of which gives dx ^ dvj'ii, 

. du__l 1__ 

•• dx~fu-f{f-^x)' 
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We shall here m this waj' determine the diffeientials of the 
ordiaary inverse fuactions in their simplest fonn, 

1 . Differentiation of u = log ~ ' 7. 

du 
Since x = lo$a, we have hy (25) rfi = — ; 

.*. — ^ a ^log""'*, OT dv = dxlog-'f. 

2. Differentiatiohof(i = sin-'*. 

Since j? ^ sin u, ne have by (29) dx ^ du cos u ; 



" dx COS B Vl — X*' 

3. Differentiation ofw = COS -'a 
Since * = cos «, we have dx= - 

du_ 1 1 

' ' dx sin a v'l — x- 

4. Differentiation of a =: tan ~' J 



' <^ii sin « ; 
, Qrdu = ~ 



e x=: tan a, we havti dx = da sec^ i 



■ ■ it^sec^u 1 + *^' 


H-,il 


5. Differentiation of a = cot-'*. 




Smce X = cot a, we have dx = — 


rfacosec^u; 


■ ^- ' - ^ nrrf,,- 

•■ dx cosec^B 1 + **' 


6. Kfferentiationof« = Bec-'* 




Sincei = secK, we have <i» = rfa tan « secu; 


. Ai I 1 


, orrfa-—^ 


it tanuseca * V^rrr 


i' *vj 


7. Differentiation of a = cosec- 


«. 


Since x = cosecu. we have dx ~ 


— l&COtWCOKC 


, du 1 


I 
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Here the difle'entiala of cob~'*, cot~'», cosec"'* are 
respectively' the same as the differentials of sin-'i:, tan~'jT, 
sec - ' X only with the negative sign ; and this should evidently 
be the case, because ^n- = cos-'* + aii-'* = cot-'* + 
tan-'* = cosec-'x + sec-'*. 

Esamples for exercise : 

1. Ift< = (*=-2* + 2)Iog-';ri then J = ,2 log-'*. 

(fu_ J log-'* 

3. If ti = log*log-'*; then Jf = nog* + - Jlog-'*. 

4. If u='iin-'* + -i then — = — rrr-~. — ih- 




. T. Compound Fttnetioru. 

(31.) If in a function u =/* the variable * is replaced hy 
another function <l>x, the expression u=/(0i'), which then 
becomes a function of a function, is called a confound Jknction 
of*. 

Let y = ^ *, 90 that m =/y, and let ^u. A*, Ay denote 



ax ay as 

where -y -j- are the differential coefficients of the functions . 
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correaponding mcrements of u, x, y ; then, as the equation 
An _ in Ay 
Ar ~ Ay AT 
essentially represents an identity, and fs therefore true for all 
Talues of the increments, however small, it must evidently be 
true vhen we proceed to the limit or suppose the increments 
to vanish and take the continuoos values of the respectJTe 
fractions. Hence 

dy , dtt dy 

dy ax dy 

Ai dy 
^ dyH'^ 

u =/y, and y = ipx. That is, according to the usnal notation 
of derived functions, 

-£=/y..l>'x=f('i>x)i>'x. 

or du =f{^x) jt'x.dx. 
Similarly, if y = ^j;, t = ^y, u =/^, so that the function » is 
of the more complicated form « =/{V*{*'r)}. or the function 
of a function of a function, it may be shown that 

rfB_rfu dx 4£ j_^ ^ ^y rf-. 
dx~ di dy dx' dx dy dx 

and these, according ^o the notatioii of derived functions, would 
be written 

% =/'« . f y . ^'^ =/ (■J'y) f (**^) <tix 

=fHii.x))i'(i.x}<l>'x 
ordu=/' {'i'('}>x)}<i,'(<px) •p'x.dx. 
In the same vray the formulte may be extended to any 
number of superposed functions, and it is obvious that they 
■U depend upon the following simple principle: 
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The differential of a flinction of any variable quantity what- 
ever is eqnal to the differential coefficient of the function, with 
respect to that variable quantity, multiplied by the differential 
of the variable quantity. 

Thus if, as before, k =/[^ (^ j) } , by socceBsively apply- 
ing this principle, we have 

=/'{'^(*x)} X f (^*) X <f>'x X rfr. 

The following examples will practically show the mode of 
proceeding here indicated ; 

1 . Differentiate u ^ log sin x. 
By (25) and (29) we have 

rfsin/ . dlpcoa* ,, , 
dti = — : = — : =: dxcolx. 

2. Differentiate K = log |-^. 

(a-i)dr 

- (» + »)'■ 
Therefore by (25) we haTe 

_ (a — b)dx b+x _ (a~h)dx 

~ (i+x)» ^o + *~ (a + ri(6 + *)* 
Otherwise, since » = log (a + a) — log (6 -|- *), we have 
by (25). 

_ d J (Sr _ (a — i) (fa 

3. Differentiate a = e"° ' sec x. 

[;..i,tc(,G00gle_^^ 
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Here<i« = 8ec*rf(e'i"') + 


e'^-rfBec^,by{19), 


= aecxe'^"d&ias 


+ e«'"rf8ec*. by (26), 


= secxe^*.rfico 


sx + f^'rfjrtanjBecx.by (29) 


= e»i"'(l + taax 


«cx)<ir. 


4. Differentiate « = l(^Cv' 
By (,22),dWa^+i'' + x 


a^ + *^ + »). 


ViJTI^ + '^ 




(Vfl3+jr^ + «)rfj! 



Therefore by (25) we hoTe 

rf(VoS + a3 + j;) 



5. Differentiate ti ^ log tan e' 
Here rf« = d(logtaQe-') 



= ^S^-^^c.^>- 



tane-' ' J v '< 

= — (ir e-' (tan e-' + cc'te~').' 

6. Ifa = r'»e""; then^ = *"'-i(m + *cos*)e^'. 

7. Ifa=21ogsinx+ cosec^a'; then ^ = - 2eot3*. 



9.If« = log(i + i);theuJi=--^±4^. 



K,.,|C 
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10. Ifu = (wS-a«)log~^ + 2axi 

^, du „ , a + * 
then -7- = 2ilOK 

11. Ifi< = logCi +2*+2 VI + j + 3.»). 

then 3- = — ;■■ ■■.... 1 ' ^^ ■ 
rfi Vl+x + x^ 

1 — a* d* 1 + «» 

13. If« = Bin-'-7^^. then^=:— -1-,. 

vl +ji3' du 1 +** 

14. lf»t = C08- 



fl + frCC 



15. Ifa = sm-i(3*-4«»); then — = ;^ 



. Ifi( = *e"» '; then— =-, 
dt 1 H 



_ du_l + x + a 

17. lf« = taii-'sin-'*j 

,, du I 

""^ <£r ~~ {l + (sin-'x)i'}Vl-j!'' 

VI. Implicit FuHcliotu. 
(32.) The functions hitherto considered are supposed to be 
explicitly expressed in terms of the variable quantity involved, 
and upon which its value is made to depend. But a function 
u may have its value depending upon that of the variable x, 
though not expressed in any definite form, algebraical or other- 
ttise, and perhaps not capable of being so expressed in finite 
terms. In iact, the relation which connects together the cor- 
responding values of u and x may be presented in the form of 
an equation, /(u, ;r) = 0, / characterising any functioa what- 
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ever of u and x. The function u is in such cases called bd 
intplieit function of the variable quantity x. If the equation 
/{«,*) ^ could be solved for « in finite terms inTolving x, 
the function u would then be exhibited as on explicit function 
of X ; hut, as before observed, this may or may not he possible. 
A little consideration, boweTcr, will show that the difTcrential of 
u with respect to x may he more directly obtaiaed by taking 
the differential of the proposed eqnation in its original form. 

When X becomes x + Ax, u becomes « + Au, and as the 
equation/ (m, *) = must be true for all coexistent values of 
u and X, we have /(w -f- Am. * + 4r) = 0, and 

/(u + Aa, X + iu) ~/(v.j)=0, or A/(«,x) = 0; 

A« ~ ' 

This relation will be accurately true for all values of A*, 
and at the limit at = it gives 

^^^ = 0, orrf/(«,*) = 0, 

which is the differential of the proposed functional equation, 
observing that u and ;r vary simultaneously, u being a function 
of X, This differential equation will be of the form Pdu 
+ Q i£i = 0, and it vrill therefore give the value of the limiting 

ratio — , or of the differential coefficient of u with respect to x, 

fix 
the same being expressed in terms of « and x. 
Exaa^e I. — Differentiate the function u when 

«i - 2 B Vi3"+P + ipS = 0. 
By differentiating the equation, vre have 

2»dtt'-2V'a'> + x^du — -i^T=^+2xdx=:0, 



. ^Cw- ^ 



lxdx = Q; 
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In this example the equation u* — 2a v a' + e^ + ** = 
involves u in- a quadratic, and may therefore be algebraicalljr 
solved for v, ^ving u = vV+^ + a, which is the esplidt 
form of the function u, and its differentiation will also lead to 
the resiilt we have just obtained. 

^jEomptf 2.— Differentiate « when »* - 3 !(*■' + 2x^=0. 

The differential of the equation gives 

or 3 C«* — x^) rfu — 6 (tt« - **) <£r = i 

. du 6 (»g - j' ) _ _2£_ 

■ ■ d* - 3 {»« - **) "« + *" 
Example 3. — Differentiate u when j! sin u — usin jr = 1. 
By diffeientiating the equation, we have 

disinu + xd«coiu — (iwsin«— udxcoait = 0, 

or (x cos w — Bin «) flu — (u cos 4^— amu)dx = Oi 

. du ucos^ -~ NOV 

' ' dx~ xcwu — ain*" 




9. Wii* _ (a + w) ■/6» - «» = 0; 
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10. If log _ 



VII. Fanetioni of Tvm or more Variables. 
(33.) Let« =/(«, y) denote a function of two variables 

If instead of x and y Tarjing simultaneously, « be supposed 
to vary alone without any change in the value of y, then y will 
be treated as the symbol of a constant quantity, and u being 
then considered as a function of x only, its differential or 
differential coefGcient will be determined by the foregoing 
tnethofla for functions of one variable. The value so deter- 
mined, however, as it is made to depend upon a change in the 
value of X without any supposed change in the value of y, will 
be only partial, and will not refer to a consideration of the 
total change of u. In order to distinguish this, the differential 

/d«\ 

coefficient is usually placed within a parenthesis ; thus It) 

denotes the partial differential ooefGcient, and {'n.f^ the 
partial differential of u with respect to x, that is, supposing s 
alone to ctange. Similarly, if y alone be supposed to vaiy 

and X to be invariable, ( t- I will denote the partial differen- 
tial coefficient, and \-r)dy the partial differential of w with 
respect to y. These partial differentiations, as before observed, 
may he effected by the preoeding methods for functions of a 
single variable ; first regarding v as a function of only one 
variable x, and again as a function of only one variable y. 

The supposition oi x or y varying separately, so as to 
partially differentiate the fimctiiin u, is here to be received as 
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■ mere conventional hvpotheBis asanmed for the purpose of 
more distinctly defining certain abstract analytical operationa, 
to be applied hereafter. 

Returning now to the proposed function u =^f{x,y), when 
X and y respectively become * + a*, y + Ay, it becomes 
« + iti =f{x + 4«, y + iy) ; 
that A» =f{t 4- At, y + Ay) —fix, y), nhich denotes the 
otal increment of h, or the combined effect produced on the 
alue of the function by the two increments Ax, Ay. Instead 
of conceiving the values of j: and y to change simultaneously, 
we may suppose them to change successivelj, as the result will 
be the same in both cases. 

Thus, supposing * to become i + Aa and the value of y to 
remain unchanged, the function y(i^, y) will become 

f{x + Ax,y); 
and again, supposing, in this last function, y to become y + Ay 
and X to remain unchauged, it will become y{x + Ajf, y + Ay), 
which is the complete value of ti consequent on the changes in 
the values of « imd y. The function u instead of passing at 
once to this last value is made to assume the three values 
fix, y), f[x + A*, y), f{x + Ax, y + Ay), and the partial in- 
crements of u in successively passing to these values are, 

/(^-|-A*,y)-/(.r.y) 

= Af{x, y) with respM to * ; 

f(x + Ax.yf Ay) -fix + Ax, y) 

= Af(x + Ax, y) with reepect to y j 

the sum of which gives /(* + A*, y + Ay) —fix, y) = Air, 
the total increment of u. 

AK _ Afj x.y) with respect to x ' 
" Ar~ Ax 

Itfix + Ax,y) with respect to y Ay 
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Hence, taking the limitiDg values when Ax =: 0, Ay := 0, we 
obtain 

du _ iAi\ /dii\ dy 

■■•*=©*+ (1)*- 

The differential of a function of two variables is therefore 
- found by taking the anm of the partial differentials. 

(34.) Again, let k =f(x,y, r) be a function involring three 
variables x, y, and z ; then 

A« =/(* + A*, y + Ap, i + A«) -/(*, y, s). 
But, instead of considering the Tallies of x, y, i to change 
simultaneously, we may, oa before, suppose them to change 
successively. In this way the function u, instead of passing at 
onceto thenew value/(T + Aa, y + Ay, ?+ A2), will be made 
to assume the four Talue8/(x, y, z),f{x + Aj, y, «), 

/(* + ix, y + Ay, «),/{* + AJ^. y + Ay. » + Ar), 
and the partial increments of « in succesdvely passing to these 
%-alues will be 

fix + A*, y, z) -fix, y, 1) 

= A/(j;, y, a) with respect to *; 
/(* + A*, y + Ay, i) -fix + A*, y, a) 

= A/(* + Ax, y, ?) with respect to y j 
/(* + A«, y + Ay. « + A2) — /(* + A*, y + Ay, e) 
= ifix + A*, y + Ay, r) with respect to x : 
the sum of which gjves 

/(* + A*; y + Ay, * + A*) —fix, y, e) = A«, 
the total increment of k. 

, Aii_ bfix, y, £) with respect to * 
' ' b» Ax 
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&f(-c + A*, y, r) with respect to y Ay 
Ay ' Aj 

A/(* + At, y + Ay, x) with reepect to z A* 

As ' ij' 

Hence, proceeding to the limiting values when A:); =0, Ay:=:0, 
Az ^ 0, we have 

dx ~ \dx) "•" \dy) ds "^ \dz) dx ' 

- ■■■^"=(l)^ + (*)*+(s)'- 

The differential pf a function of three Tariables is therefore 
obtained by taking the sum of the partial differentials ; and 
this principle evidently extends to functions of any number of 
variables. 

Example 1 . — If it:=x log y ; then supposing x only to vary 
we have 

{£) = '"^y • ""** supposing y only to vary, (j-j = ^; 

.-. <fi< = (logy)(iF + (?^rfy. 

Example 2.— If u = x^ + Zaxy -ir y"; 

.•. (ft« = 3Ci* + oy)d* + 3(y^ + fl*)(fy. 



Example 3. — If w 



x_-_V. 
x + y' 



. fdtt\ 2y /M^ 2jr 

^^^-^ W - iiTy?' \dy) - - i^Vy? = 

. ^._ 2(yd:r-jrfy) 
••<*- {* + y)S 
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4. If« = *+y + V«^ + y*; 

5. IfK = «'; then (ai = (y «»-')'*« + (*'''Iog*)rfy. 

6. If« = *y'v'*s+y*i 

tnen da = , 4 ; ■-; 

V*> + y" 

7. If«=— ; thenrfa = ^— rr(»ny'lr— n*<i^). 

y" y 

8. If i( = cos*Mny + sin^cosy; 

then (fa = (iir + rfy) (cos* cosy — sin ism y). 

9. IfM = «Vo5+y* + yVi« — *^; then 

10. IfB = *y^i then A(=y«(£F + ««dy +*yrf«. 

11. Iftf = *y + y« + a*; 

then <fe = (y + r) d* + (sr + ») dy + (* + y) <fa. 

12. If B 



_ Vx^ + y» + g' 



*^^'''' .y.V.^ + yH^' 

13. Iftt = ''-^J 



ovGooi^le 
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CHAPTER ni. 

SUCCSSSITE DIFFERENTIATION. 

I. Ftmcliona of One Vanahle, 

(35.) By differeDtiadng a function u =fx, of a T&riable 
qtumtit;^ X, it has been shown tliat the differential coefficient 
— will be another function fit, and the methoda of deter- 
mining it have been established in the last Cbf^tter. By 
similarly difTerentiating this new function f'x go as to obtain 
its differential coefficient denoted \>j f'x, this is called the 
second differential coefBcient of the original function/*. In 
like manner if we differentiate f'x, its differential coefficient 
f'x ia caUed the third differential coeffident of the function 
fx i and, provided the Tariable quantity * does not disappear 
A-om these functions, this operation may evidently be repeated 
to any order of differentiation. This continued process ia 
called fucceMive differentiation, and it ia indicated by the 
following relations ; 



' it ' ix • 

which may ajso he thuB expressed, 



ix J 



fx: 



"die •^^'~dsdx' ^ ~ dxdxdx' 



Acowdii^ to Lagrange, fx is the primitive function, and 
/'*, /"*, fx, &c., thus determined, are respectively called 
the first, second, third, &c. derived functions, — See art, (II). 
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AlthougB io the original idea of differentiation as founded 
on the theory of limits, a differential can have only a relalite 
signification, yet, when separately considered as an infini- 
tesimal change of the variable, it may in analytical calculations 
be regarded and operated upon as an indeterminate quantity, 
the value of which is only appreciable when it is compared 
with other quantities of the same order or kind. 

Thus the differentiation f'x = -r- merely defines the value 

of the ultimate ratio of two infinitesimal elements da and dr, 
and, in other rcBpecta, we are at liberty to assign any law 
whatever to the separate values of these elements as depending 
upon X. We might suppose the values of du and (£r to be 
each of theftt different for different values of ;<:, so as to change 
when X changes. It will, however, conveniently nmplify our 
notation if * be taken as an independent variable ; that is, if 
we suppose the infinitesimal increment dx to have the satne 
fixed value for all values of «, so as to admit of being treated 
as a constant. In this case x is tantly supposed to increase 
by equal isfinitesimal increments dx, and dx ia thus independent 
of the value of x ; but the value of du = dxf'x will evidently 
depend upon that of x and he different for different values of 
X. Hence the reason why £ is in such case specially called 
the independent variable ; also aa the invariable element dx is 
to be regarded as a constant in each differentiation, the fore- 
going relations obviously become 

ir •' dx' ■' dx^ 

Or, in accordance with the general index law, these ore more 
conveniently written 

,, du ,,, dH .,,, d»« „„ 
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second, third, &c. differential coefficients of u irith respect to 
jT ; or separately considering the numerators and denominators, 
rfu, d'w, d^tt, &c. denot« the first, second, third, &c. dif- 
ferentials of u supposing dx to he constant, and dx, dx\ dx^, 
&c. as hefore, indicate dx, {dx)^, (dxy, &c. or powers of dx. 

Exmtplel. Let« = a!"i then Jl = na!"~'. 



S5- 


»(»_ 


'""-•S5 = "<"- 


-1)(«- 


-2)*- 


■', &c.. 




>.(»- 


l)(.-2)(«-3).... 


.1 = 1.2.3.... 


n. 


Ex:1. 


Letu 


= e'; then by (26), 












= ,'. ^ = ... 

dx" 






Ex.3. 


Leto 


= co9^i then^=- 


-wn*; 


= C03lx 


-i> 


S5- 


-"■'=-(-%)• 








d?- 


sm;> = 


,».(,.%'>-■ 








dx'' 


"■(' 


-=f> 









= V2e'cos(« + i\ ■ 

S=^-{-(-0--('n)} 

&c. &c. 

g=(V-2)-.'c<»(. + :^). 

[;..i,tc(, Google 
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Ex.5. I{u = x' + as' + bx + e; then^= |.2.3. 



Sx. 6. If u = »iijT ; then 
Sx.7. If« = e"'; theii^ = 



;=-(^ 



Ex.8. Ifi(=ae'; then ^ = (, + „) e 
Ex. 9. If« = e'8in*; 



then 

I 



g^"=(V-2)-e'«in(. + ^) 



E.. 10. If « - j--^. ^.. ^ - -^^-^^ 



II. Changing of the Independent VariabU, 
(36.) When an expresBion involving two variables x, y and 
the successive differential coefficients has been arrived «t on 
the supposition that one of the variables is independent, it is 
sometimes required to transform it into its equivalent when 
the other variable is independent. This process is called 
changing the independent varisble, and it is accomphshed by 
replacing the second and higher difFerential coefficients by 
their complete values supposing no independent variable to be 
assumed, and aflemards introducing whatever new condition 
may be necessary. 

Thus if — i, _=:, &c. have been calculated with respect to 
dx* dx^ 
J? as an independent variable, to replace these coefficients by 
the general values when i is not independent, and therefore dx 
not constant, we shall have, art. (2t), 



dx ~ 5? • 



.f.oogk 
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~ :: diP ' 

&c. &c. &c. 

By sabstitutiDg these values in place of — |, _|, &c. we shall 

ohtam the corresponding expression when neither j: nor y is 
supposed to be an independent variable. If y is required to 
be an independent variable in tbe nem expression, we must 
make d'y = 0,'d^y = 0, &c., in which case the equivalents 
will be 

d'^y _ d^x dtf 

rf'y _ 3 (d^^)' dy — d'^x dy da 



by the substitution of which the independent variable will be 
at once changed from x to y. 

III. Funetiona of Two or more Vtxriahlet. 
(37.) In art. (33) it has been shown that the total dif- 
ferential of a function of two variables is obtuned by taking 
the anm of tbe partial difTerentials, supposing each of them to 
vary alone. That is, if a=/(*, y), we have 

*=(s)^+(7;)*- 

As the partial differential coefficients ( _ Y I J! \ are also fonc- 

tions of the two variables r, y, it is evident that the value of (At 
will admit of being differentiated again in a similar manner so 
as toobtainij^u, and that this operation may be repeated up to 
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any required order of differentiation. To ezliibit the results 
of these processes it will be requisite to extend our notation. 

When a function u is successively differentiated witli respect 
to X, considered as aa independent Taiiable, the results, 
according to the notation of ait. (35), are thus indicated, 

(£>(S>(£>-- 

The same with respect to y are 

the brackets indicating, as in art. (33), that the deriTed fane 
tions are only partial. 

But we may differentiate, in succession, sometimes with 
respect to one Tariable and sometimes another, in which cases 
the notation usually adopted is as follows : 

— I —\ a indicated by [ ) 

dx\dy/ ' \dxdy/ 

liC*^^ is indicated by ('^!l\ 

&c. &c. 

where the, numerator shows how mauy differentiations hare 
been taken, and the denominator shows the variables employed 
in the reverse order of the operations. We proceed to show 
that the resulting values of these successive partial derived 
functions arn independent of the order in which the variables 
are supposed to change. 

The operation of differentiating a function ^(x) is defined 
by the relation 

By applying this to the function u=y(x, y)> first with 
respect to x and then with respect to y, we have 
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(du\_ f(ic + da:,y)-f{x.y) 



(S)= 



/(.,, + d,)-/0,,y) 



and by again applying the same principle to these functions. 



dy W ^ 



f{x + dx,y + dy) ~f{»,y + dy) -/(^ + dx,y) +/(^.y) 

±(du\_ 
ds\dy)- 
f(x + d^.y + dy) -f{x + gr.y) -/(x,y + rfy) +f(jc,y) 

Hence, as these expressions are alike, we have 

dy \dx) ~ dx \dy) ' 
that is, 

\dy dxj \dx iyf 
This property is true when u is a function of any number of 
variables, because when x and y alone vary, the other Tariablea 
only enter in the same manner as constants, and as regards the 
operations performed, u may therefore be considered as a 
function of only tcro Tariahles. Hence it follows that in 
calculating partial differential coeffidents we may always 
interchange at pleasure the order in which the several dif- 
ferentiations are performed, without altering the results. 
Thus when n =/(«> y), we have also 

\dydxy~\dx^dyj \dy^drj \dxdy^;' 

and generally, when u is a function of two vaiiahles. 
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d / d'*'u \_/ d'^'*^u \ d f d'^'v. \_/ d'*'*^u \ 
dx \dx^ dy'J \di'+ 1 dy'J' A/ \dx' dy-J Vd*' dy+>)' 
Exmnph I. Let w = j'siny + ysmx; then 

\dydx) "^y^""^^' V^jiirfj,^ coBy-|-co8x, 

which two results are identica]. 

^a;. 2. Let M = 2 j;*y8 + *<y ; thea 

\dydxdii) ~ \^idi) ~ \dx At dy) ~ '^ ^'^ "*" ^^'^ 

(36.) The general property eatahlished in the last article 
will assist ua in the successive differentiation of a function of 
two or more variables. I.et »=/(«, y). a function of two 
variables ; then, art. (33), its first complete differential is 

In proceeding to the next differentiation it must be observed 
that the coefficients ( ^ )> { j~ I "^ generally to be considered 
as functions of both variables, and to separately admit of being 
differentiated in the same manner as the original function u, 
by adding together the partial differentials. Thus we have 
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-(^>-(Sih- 



\dxdyj 

Again, if we adopt the principle of general differendatioD, 
aad suppose dx and dy to be Tumble, we shall have, art. (19), 

^ {(>}--<?)-©-- 

The Bmn of the left-hand members of these ia the differen- 
lial of the value of du, aud is therefore equal to d'u. Hence, 
adding together these two equations and substitutiiig the 

preceding values of rfl-r-l, rf I j- J, we obtwn 

.The process of differentiation may be suecesaively carried on 
to higher orders in precisely the same manner, so as to deter- 
mine general expressions for d^u, d*«, &c. ; but as the 
formuloe for the higher orders become rather cumbrous and 
are seldom required, it will not be necessary to give any of 
them here. 

If the variables x and y are independent of each other, and 
their values admit of being connected by a relation of the* 
form y ^ as + ^, so that we may consider both of them to 
increase by constant increments ; then dx and dy=adx nMj be 
both supposed to be invariable. On this hypothesis, d'x =: 0, 
&c. and d^s ^ 0, &e. and the expressions become 

• =/(•. y). 
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Here the numerical coefficients will be found to obserre the 
same law as tliose of the binotQial theorem ; and the nth 
diiferential may be put down aa follows ; 

---^h^h-'' -(I^)*"- 

The successive difTereutiations of a function of any number 
of variables may be determined in the same way as £he pre- 
ceding. Let u =fix,y,z) be a function of three independent 
variables, and suppose y=-ax+^, e^Jx + ff,ta that «, y 
and g may severally increase by constant increments ; then we 
find 

«=/C*,y,r), 



EXPANSION OF FUNCTIONS. 

I. Functumt of One Variable. 



(39.) Let u =/(«) denote a function of*, and, h denoting 
a finite quantity, let the binomial function f{x + h) when 
expanded in terms involving the integral powers of A be 
supposed to be 

/(* + A) =/(*)+ Pii + QA' + RA» t &c,. 
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in which P, Q, R, &c. are new fimdions of r to be determined 
fVom /(«)• It has been shown, art. (6), that the coefficient 
P of the second term of this development is the differeDlial 
coefficient of the fmiction^(j^), and is therefore to be obtuned 
at once by differentiatioD. The other coefiicients Q, B, &c. 
may he similarly determined by means of successive differen- 
tiation. Thus, by differentiating Bucceasively the above form 
of expansion, we get the following equations : 

/(jr + A) = P + 2QA + 3RA» + &c. 

/'(« + A)= 1.2Q +2.3RA + &c. 

f"{x + h)= 1.2.3 R +&C. 

&c. Slc. 

As these most be true for all values of A, by supposing the 

coeffidents P, Q, R, &c. to be finite in value, and making 

A = 0, we obtaiit, 

/(*) = P, /'(') =1.20, rW = 1.2.3 R, &c. &c. ; 
Hence the expansion of/(* + A) is. 



' 1.2.3 
du h , dH 4" , d»B A» 

= " + 5^-1 + rf^ ■ 1:2 +d^' 1:2:3 +*"■' 
which is Taylor's theorem, and is one of considerable import- 
In deducing it we have in the first place assumed witboat 
proof that the function is capable of being developed in the 
proposed form. The mere fact of obtaining an intelligible 
result will, however, be sufficient to establish the truth of this 
supposition, 
^e have also necessarily assumed that all the coefficients 
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P, Q, B, &c. should be finite, as the reasoning eTidently ceases 
to be conclusive wben any of these coefficients become infinite 
in value. When one of tbese coeffidents becomes infinite in 
ralne, ^e shall find that all the coefficients which succeed it 
will also be infinite in value. WhencTCr this happens, which 
can only be in particular cases and for particular values of x, 
Taylor's theorem is commonly said to Jitil; but it may in 
such cases be more properly said to be inapplicable, in conse- 
quence of tb.e impossibility of eshibiting the complete expan- 
sion of the given function in the required form for that par- 
ticular value otg. We shall hereafter give a more satisfactory 
investigation of the development in a modified form, so as to 
obviate any want of generality or of logical accuracy that 
would otherwise be experienced in the many important appli- 
cations of this celebrated theorem 

(40.) By making x = Q, Taylor's theorem becomes 

/(i) =/(0) +/(0) ^ + /'(O) ^ + /"(O) j^ + Sic. 

Or, substituting x for A, 

/w =A0) +/(») r + rm ^ + -^w r^ + «■=■■ 

which is generally known as " Maclaurin's theorem," and is 
useful for the expansion of functions In powers of the variable. 
Professor De Morgan has observed, that Maclaurin was 
anticipated in the use of this theorem, and it has in consequence 
been latterly called " Stirling's theorem ; " but of this it may 
be remarked, that it is an obvious and very easily deduced 
particular case of Taylor's theorem, of still earlier date ; being, 
in fact, merely the development of /(r) considered as a 
binomial function /(O + *), 

II. Theorems vihich Limit the Valuei o/Funetumt. 

(41.) Let_/(i), ^x + h) be two values of a fdnction whidi 
varies continuously between x and x + !i; then if any value of 
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« between t and x + A be sabatituted in the proposed functiott, 
the result Mrill be an intermediate Jimetion. For example, the 

functions /(x + iA),/(* + ^h),/(x + -^ h\ are all 

intermediate functions with respect to/i;.i) andy(* + A) ; but 
it does not necessarily follow that their values are arithmeti- 
cally intermediate between f(x) and Jlx + A) unless the 
function between these limits either continually increases or 
continually decreases. If, however, x be supposed to vary 
continuonsly and to take every possible ralue from t to * + A, 
and T, « denote respectively the greatest and least values of 
the fmiction between those limits, then the value of every 
intermediate function will obviously be comprised between 
TandD. 

(42.) When a variable x takes m progressive values «,, x^, 

X, «„> let the corresponding values of a function w 

^/(i:) be denoted by u,, »,, u, Umi then if the 

function be continuous in value from u, to »„ we shall have 



where S is some arithmetical value between zero and unity, so 
that the valne of A» is between 1 and m, and » «„ is a fimction 
of jr intermediate with respect to u, and v„. 

Let V, V denote the greatest and least ralnes of the function 
u when x is supposed to pass continuously through every value 

Irom Xi to it„, BO that u,, u,, u, Vm are severally 

comprised between them, that is, less than V and greater than 
o ; also let the sum of these m functions be denoted by tn (u), 
then 

V +V + V &c. torn terms =mV (I) 

«,+«,+ «, + «„ = »!(«) (2) 

V +V+V &c. to m terms = mv (3). 

On inspecting these we observe that the terms of (2) are 
severally less than the correspondii^ terms of { 1 ) and greater 
than the corresponding terms of (3), and therefore the total 
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value of (3) is less than that of (1) and greater than tlutt of 
(3). That is, the value of (m) is comprised between V 
and V, and is therefoie a Talue of the function between these 
values. Hence, as V and v are each intermediate with respect 
to u, and Um, (u) must necessarily be the value of an inter- 
mediate function with respect to u, aod Unt, and may therefbra 
be represented hy ugnu ^ expressing a numerical value between 
zero and unity. 

It will be observed that the basis of this proof is the evident 
proposition that wheo, with respect to certain functional 
Umits, a value is arithmetically intermediate it must also be 
functionally intermediate, provided that the function is con- 
tinuous between the stated limits. 

(43.) Let /(x) be. a function of x, continuous and finite 
from to », and which vanishes when f =: ; then will 

fix} = sfi0x). 
where 6 is some arithmetical value between zero and onity. 

Suppose X to be divided into a number (nt) of parts, each 
equal to dx, so that mdx = x, the number m being indefinitely 
great and dx indefinitely small. Then, according to the first 
prindple of difFerentiation, 



/(O + dx) -/(Q) 

dx 
/(dx + dx) ~f(dx) 



=ndx) 



n2dx + dx)~n2dx) ^^.^2^j 



f(?dx + dx)-f(Zdx 

dx 

&c. 
/(_n,dx)-f{(m-})dx} 



-.fiidx) 



i=/'{(m-l)dx}. 
Hence, observing that in£r = x, the sum of these equations. 
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accordiiig to (42), gives 

or, 8ince/(0) = 0, 

/(*) = ».ir/'(fl^) = */'{flr). 

Cor. If B function /(«■) be continuous in value from to *, 

and also vanishes at each of these limits, so that /(O) = 0, 

f{x) = i then, by the preceding theorem, 

«/'{flr)=/W = Oi 

.-. n6x)=Q. 

That is, if /(x) vanishes at both of the values and x, the 

derived function or differential coefficient /"(i) will vanish at 

$x, some value between and x. 

(44.) lt/(h) ft function of A together vrith its first n derived 
junctions he finite and continuous from to A ; and if more* 
over the function and the first n — I of these derived functioas 
severally vanish when A = ; then 

where 6 is some positive arithmelia^l value less than unity. 

Let A be supposed to be constant and x variable, and 
assume 

F(^) = AV(^)-^"/CA). 
Then, since F(x) vanishes when * = and * = A. it follows 
from the corollary to (43), that the derived function 

F(,) = A-/'(*)-n*-'/(A) 
will vanish when * = S^h = A.,, where Aj is some value 
between and A. But since, hy bypothesb, f'(0) = 0, this 
derived function F'(i') also vanishes when ^ = 0. Hence 
again, as the function F(j) vanishes when * = and x = A,, 
it follows from the same corollary, that its derived function 
rXx) = A •/"(*) - « (» - 1) *- V(4) 
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will vanish when x = A,, some value between and A,, But 
aince, by hypothesis, /"(O) = 0, thia function Y\x) also 
Ttuishes when x = 0. Hence, as before, 

P"Cx) = A-/"(*) - n(»-l) C«-2) *-»/(A) 

will vanish when x = S,. some value between and A,. 

By pursuing this process we shall evidently find that 

FWW = A-/W(«)-«(«-l)(»-2) .... l/(i) 
vanishes when r =: An> some value between and h^-\. That 
is, substitutii^ for x this last value, 

A"/W(A«) - 1.2.3. .. .ii/{A) = 0; 

where A^ is some talue between and A, which may ^ereibre 
be designated by 6h, 6 being an arithmetical value between 
zero and unity. Hence we have 

which is a further eKtension of the theorem of art. (43). 

SinceS>4,>A,>A3 A,_i>A„it follows that as the 

order « advances, the value of A,„ or of ^b. diminjahea. 

III. Limitations to Taj/lor't Theorem. 
(45.) Let R(A) be a function of A which represents the 
som of all the terms after the _;&■»( in the expansion of the 
binomial function /(« + A) ; that is, let 

/(^ + fi)=/(,) + R(A), 
and suppose h alone to he Tariable ; then the values of R(A) 
and its differential coefficient or derired fmiction R'(A) will be 

KW -/(' + «)-/« 

R'W =/'(- + *). 

TbeieToie as the value of R(A) Tauishes vhen A = 0, if the 
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tiinction_^(x) be continuous and finite from x to x + h, ve 
have by the theorem of ut. (43), or the more general theorem 
of art. (44), 

R(A) = ftR'(flA) = hf'(x + 0h), 
the value of B'(^A) beii^ expressed by substituting Bh for & 
in the value of R'(A) i 

.-. /(:r + A) =/(x) + A/'C,, + flj) (1), 

which ia the development made complete in two tenns. 

Let now R(A) be a function of h which represents the sum 
of all the terms after the two Jint in the development of the 
binomial function^(j? + A) ; that is, as su^ested by equadon 
(1), let 

/(^ + A)=A + A/'(*) + R(A). 
and, as before, suppose A alone to be variable ; then the values 
of R(A) and its derived functions will be 

R(J) =/(:r + A)-/(^)-A/'(^) 
R'(A) =/'(* + A) -Z'C^) 
R"(i)=/"(^ + A). 
Therefore as the values of R(A), R'(A) both vanish when 
4 = 0, if/(»),/'(3') be continuous and finite from t to * + A, 
we have by the theorem of art, f44) 

•■■/(» + *) =/W + W) + ^"(' + «*) (2). 

which is the development when made complete in three terms. 
Again, let R(S) represent the sum of all the terms succeed- 
ing the three firtt in the development oif{x + A) ; that is, as 
suggested by equation (2), let 

/(* + A) =/(*) + hfix) + ^"(«) + R(A) ! 

then the ralues of R(A) and its derived functions will he 



68 THIS DIFFEBENTIAL CALCrLUS. 

E(J) =/(. + »)-/W-V'(»)-^"(') 

R'(J) =/'(. + {) -/'(.) -4/"(») 

E"(4) =/"(» + *)-/"(») 

R'"(i) =/"'(• + S). • : 

HeDCe, as the values of R(A), R'(A), R"(;;) sererally vanish 
wten A = 0, if/(«), /'(«). /"(*) t)e continuous and finite in 
value from « to « + A,. we have by the same theorem, art. 
(44). 



+ ,-^/"(» + «) (3). 

which is the derelopment completed in four terms. 

In like manner, so long as the functions are condnnous and 
finite in value, may the binomial function f{x + A) be com- 
pletely exhibited in any number of terms. Thus, let R(A} be 
a function of h nhich expresses the exact residue of the 
development after the^r«t n tertM, so that 

/(' + A) =/(.') + y /'W + -^ /"W + IXS-'''"*') 



+ 1.2.3. ...-l/'-"W + ''W- 

Then the values of R(A) and its derived functions will be 
K(A) =/(, + A) -/W - \n,)- -^/"C') - J^3/"'W 

- 1.2.3 ""'.-l /'-'W 



OF FTNCTIONS. 

- i.2./'"'..-2 /'-"w 

- 1.2.3'!"'.-3 /'-'W 






C-WCA) =/(-«(* + A) -/(-«W - 7/'-"t*) 



R(-)(A) =/(-){* + A). 
Therefore, when A Tanishes, 

R(0) = 0, R'(0) = 0, R"(0) =0, Rl"-il(0) = ; 

and hence if /(*), /(*), /"(*) /f")(^) are severaUy 

continuous and finite In value from * to * + A, the function 
R{A) fblfils the conditions of the theorem of art. (44), which 
gires 

"<*' = i.i.a'!.... "'""") = 1.2.3'.'.... /'"'' + «>• 

The derelopment in Tajlor's series, when made complete in 
n + 1 terms is therefore 



I- J) =/W + j'/'W + j^/'W + ^^^/'i') ■ 



+ 1.2'."."^/ "-"'') + TTrr,^'"'-' + *» <»'■ 

where 6 is some positive numerical quanrit j, the value of which 
is undetermined further than that it is contained between the 
limits of tero end unity. We are hereby enabled to affix 
corresponding Jjniita to the completion of Taylor's series after 
any number r^ terms; but it must be remembered, art. (41), 
^at the vaiie of /<"'(« + 6h), though functionally inter- 
mediate, is not necessarily contfliued arithmetically between 
^">(x) and /(">(« + ft)- Let V and v denote the greatest and 



least values of /'"'(w) which occur from * to « + i, then we 
conclude that, hj atoppmg at the nth tenn, the final correction, 
to make the value of the development exact, will always be 

compttsed between j-g ;- • "°d j-^" — - p. 

This formula ia Lagrange's limitation to Taylor's theorem, 
and it should be remembered that the conditions on which it 
depends are, that the » + 1 functions /(i), f{x), f'(x), 

f'\x) ^"'(i) must he severally continuous and finite 

in value between the limits x and x -i- h. It is not affected 
by any of the subsequent functions /^''*''(j'), /'""""''C*), 
&c. becoming discontinuous or infimt«, and it is true when 
stopped at any number of terms, provided only that the 
funcdons are so iar continuous and finite. Thus we may 
have 

/(* + A)=/(i)+^/'{* + fl,A) 

&c. &c. &c. 

wluch equations admit of being made exact by values of 0,t 
^,, 6^, &c., each less than unity, so that f + Ai is in every 
case comprised between the limits x and « + A. By equatii^ 
each of these values of /{* + i) with the next, we deduce the 
following relations, 

/■('+«■»)=/■(«) + |/"(' +«■»), 



and from these we infer that, when A is imal]. 
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e,=i. o, = i, e^ = h----6n = :^,' 

and they will seldom in anj case differ much from tbeae values. 
(46.) By making j^ = Din the fonnnlB(R),TayIoi's theorem 
with limits becomes 



or, Buhstituting x for h, 

A') =A0) + f/'(o) +o/'(o) + TXa^'C) ■ 



1.2. 



-/«(«■'). 



and this equation, vhich is necessarily exact for some ralue of 
^lesa than unity, is the correspoudinglimitatioaof the theorem 
of Mackunn or Stirling. The conditious essential to this 

theorem are, that the functions /(*), /"(*), f"i') 

/'"'(*) should be continuous and finite in value from to x. 
This theorem may also be put under the form 



I.2...«\rfW<» 



IT. Funetwn* ofTtoo or more Fanailei. 
(47.) Let u = F (x, y) be a function of two variables, and 
let it be required to expand F(x + h,i/ + k) in powers of 
A and It. Take i = ah and put 

U = FC* + i,y+A) = F(* + a,y + <.A). 

Then, by supposing A alone to vary, U may be considered as 

a function of one variable A, and expanded in powers of A by 

Stirling's theorem, art. (46). "When A becomes A + dA, the 

function U becomes F(« + A + (tt, y + aA + arf4), and this 
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form is identically the same as if we had supposed * to become 
x + dh and y to become y + o dh. Therefore, substitutiag 
dh for dt and adh for dy, in the formula 



"=(S)--(f)*. 



we find the differential of U = F(* + S, y + ah), with respect 
to A, to be 



5r~ w v¥/ "' 



As this value of -37- must be a Ainctioa of * + J, y + ah, it 

may eyidently be agtun differentiated by applying to it the 
same formuhi (I). Thus 






that is, operating on the preceding value of ^ as indicated o 
the right hand of this equation. 



^«u _ /d^v\ (dHi\ /jnj\ 

■ IS^ ~ \d^J \dxdy} ^ \dy^J ■ 

the same wa 
h, andagtdi 

Tied to any ■ 
illy 

rf-U _ /rf"U\ 
dk" "V^"/ 



■(2). 

In the same way, treating this as another function ofic + h, 
y + ah, and agtdn employing the formula (1), the process mi^ 
be carried to any order of difierentiattoa ; and we shall obtain 
generally 



i£^h'- 


2 


W-v/) 


-Q- 


.(«). 






.c 


Hi^k- 
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in whicti the niuneiical coefficients are those of the eipansion 
of(l + *)". 

Now, hj Stirling's theorem with limits, art. (46), we have 

1.2....n\dh'},k 
in which ezpanuon the function U and its differential co- 
efficients are ^e Values when A = 0, excepting the last, in 
wluch A takes the valne 6h. But when A = 0, Amctions of 
* + A, y + qA become corresponding functions of *, y, and 
XT, and its differential coefficients with respect to x and y 
become the same as if the Innction u had been employed ; also 
irtieu A becomes 6A, functions of £ + A, y + ah become 
corresponding functions o( x + 6h, y -)- dak. Hence eubstl- 
tnting the values according to the preceding 'expreaaions (1), 

(2), (n), and ohserring these transformations, we hare 

for U the following development ; 

U = F(* + A,y + aA) = 



T7n;{(i.-)'''""U-''*) 



"U-)};: 



the nine of the term exhibited in the last three lines being 
taken when * and y become * + ^A. y + Sah, where fl<l. 
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Bjr anbstituting it in plaee of its T>lae ak, the fbnniila 



-(^0}::s 

(48.) In the fbrmnk jnst determined make « =: 0, y = 0, 
and Bfterwarda chnnge h into x Bud •( into y ; then 

^T^{-{S).-K^).^''(9).} 
^K|-:)h 

where ve have to make x, y each = in the several fiuictiona, 
except in the term vhich occupies the laai two lines, where they 
are to be replaced by dd. By, tf being < 1. 

Note. — It may here be remarked with respect to expansions. 
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generallj, tluit if tlie ntK or limiting term decreases without 
limit as n increases without limit, the derelopmeat may be 
then coDtinoed without introducing aaj limiting term. 
(49.) If ia Ta7lor'H theorem we make A = dr,it becomes 

that is, if ■=/(*), 

This fonnnla represents in a simple form the moat general 
theory of espanuon, and tatty be extended to the expansion of 
a function of any number of variables, under the following 
general enundatiou : 

* Let w =/('i y, t, &c.) be a function of any number of 
variablea, and let ix^ ty, ie, &c. denote arbitrary increments of 
the respective variables. 
Suppose the function 

U =/ix + ar, y + J)y, « + 8?, &c.) 
to be partly eipanded, and denote by tu the terms which 
iovolre the first order of the increments Az, 9y, ii. Sec. 

Then x + ix, y + J^, e + iz, &c. being substituted for 
», y, e, &c. in the value of 3u and the result again partly 
expanded, denote by S*u the terms which involve the eecond 
order of the increments. 

And again, the same substitutions being made in S'w, and 
the result eipanded, denote by S^ the terms which involve 
the third order of the increments, &c., Ac- 
Then will I 

U = « + _ + _ + _3 + &c.; 

and the values of Su, i^u, i^u, &c. may be determined by 
Buccesaively differentiating the function w =f{x, y, t, &c.) on 
* Thi* theorem wu fint annoanced by the anthor in the Appendix to 
'Ok ' GeoUemin'i Diai? ' for the ;e>r 1835. 
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the suppositiDD that dx, dy, dt. Sec. do not change, only 
irriting dx, ty, it, &e. in place of dx, dy, dx, &c. ; also the 
series majr be stopped at pleasnie by aAbstituting x + 6 &r, 
y + Biy, z + 6iz, &c. for x, y, m, &c. in the last term. 
6 being < 1 . 

By making j^, y, 7, &c. eeverally = 0, and writings, y,», Sec. 
in place of ix, Sy, Sz, &c., the lesnlt vill be tbe expansion of 
tlie function u =:/{x, y, e, &c.) iii powers of tite variableB. 

The preceding derelopments may all be deduced from tlus 
general theorem. 

Extanplei. 

1. Expand/(* + A) x= (* + A)» by Taylor's theMem. 

8ince/(«) = «*, we have by snccessiTe difierentiation 

/'{x) = n *"-■, /"(«) = »(«-!) *-», 

/'"(«) = II (n - 1) (fi - 2) *•-», &o. 
Hence, by the theorem, art. (39), 



«»~l)(«-a). 



»A» + &c. 



1.2.3 

vhich is the fbrmula of the binomial theorem. 
2. Expand log (« + A). 
Here/(«) = log x, and by differentiation 

/'(x)=.x'\ /'V)= -I-*-'. /"(») =I.2.*-», &c. 

Therefore, by the theorem, 
/(x + A)=log(« + A) = log{*)+^-^+^,-&c. 

which is direi^ent and inapplicable when x < A. 

If we employ the theorem with the limitalioiis, art. (45), 
we i>l'<'H obtain 

l»5(.+S) = log(») + -— jj 
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ivhidi expresaions wQl be atrictly accnrote with TtJues of $ 
betveen the limits of zero and nni^. Let « = 1, then 

'°«" + *' = TTB = *-2aTW 

By the Siat of these expressionB it follows thst the value of 

If^ (1 + A) is oomprised between ~ snd ; and by the 

second the same valoe is comprised between the narrower 

3. £xpand the fimctioD m = nn « in powers of x by 
Maclanrin's theorem. 

By differentiation, 

ds <f>ii d*M 

which, when x = 0, respectiTely become 1, 0, — 1, 0, 1, &c. 
Therefore by the theorem, art. (40), 

Or, by the theorem with limitations, art. (4G), 

sin* = *co8tf* = * — y-^Mntf/F; where4,<0<l, 

and which may be similarly expressed in any required number 
of terms. 

4. Expand ii = cos d', in powers of «. 



j=coa*, 
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which, when x = 0, become 0, — 1, 0, 1, &c. ; 

■■•°°"='-T5+rm-"'- 

Or, with the lunitftdons, 

c{H* = l — XBiiiftv = l— — COS 0^ = Blc. 

5. Expand ■=:e* = log~'i in powen off. 

By art. (26) we hare 3- = e*, jp = •'. *=■. ^^a^. »•«» 
j7 = 0, severally become equal to unity. 

Also, with the limitationB, 

6. Let ti = «y 3, andespand 

U = (* + 8«)(y + ay){r + to) 
by the general dieorem of Ait. (49). 

By operating upon tt = xyf with the symbol 8 in a manner 
' analogous to successive differentiation, and supposing ix, iy, Ax 
to be invariable, we have 

« = *y* 

tu = yiSx + txitf+xyi» 

i^u =■ Gixiyii, 
which substituted in the formula 

^ 1 ^ 1.2 ^ 1.2.3 ^ 

(j:+8jr)(y + «y)(? + &)=*y«+(y«ar + 2*«y + *y8») 

+ (xdyfa + y&»4r + aAr^) 
+ dxflySc, 

which may be verified by mul^tlcatioa. 
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(50.) Ill the series for e*, exunple 5, replace shj* V— 1; 
then 

+('-r&i+*°-)^^i 

that is, examples 3 and 4, 

e''^ = coBx + V — 1mii» (1), 

In this eqoadon replace shy ~^ and we hare also 
e—'^i = coax~V^Knx (2) j 

. ,.v=i_.-.^ r «. 

""=— FTTI— 

which are Euler'a formnbe. 

Again, repladng xhymxia (I) and (2), 

e*'"*~^ = coB»i» + V — 1 Binmr. 

Hence, as «±— "^= (e±»-/^i)- we have 

cos mx + \/^l am m* = (cos * + V^l sin *)■ (4), 

which is De Moivre's formnla and is true for all integral 
valnes of m. When expanded hj the binomial theorem, hj 
equating separately the reel and the unreal portions, we maj 
obtain from it the trigonometoical values t^coBmx and nn mx 
in powers of coa x, an x. 

In (4) replace x hj * + 2rw, r denoting any integrnl 
nnmber ; then 

(cos« i V— 1 rin*)" = 

cos (m« + 2 rmir) + V— 1 sin (n»* + 2 rmn) .... (5), 



80 THE DIFFERENTIAL 

which is the corapkte form of equation (4) and is now true for 
all values of m, whether integral, fractional, real or unreal; 
and hoth sides will now always contun the Bame numlier of 
identical values.* 

From the preceding valnes of cosx, unf, eqnadons (3), it 
is evident that all the trigonometrical fimctiona of x may be 
expressed in algebraical fanctious of the exponentials e''^-' 
and f-'V-i. 



CHAPTER V. 

INDETEBHINATB FORMS. 

(51.) When a function for a particular value of the variable 
awumes any one of the forms 

^,*,e X »,oo-coi 0«, aj^or 1±-, 

the function, absolutely considered under this singular form, 
becomes then essentially indeterminate and admits of having 
an; value whatever assigned to ' it. But if the proposed 
function represent a quantity which varies continuously so 
that the function up to the particular value pf the variable 
is subject to a condition of continuity, its value will evidently 
be determinable in a manner analogous to that by which we 
obtained the differential coefBdent of a function in art. (6). 

T. Fanctioiu in the Form ofFraetiont, 
(52.) Let u = 'if , \ Itfi a function of x which becomes ^ 
when x^a. It is evident that this will arise from the in- 
corporation of certain vanishing tacfors in both numerator and 

* An inieitigation of the geaenl theoi? of eiponentUl uid imaginary 
qoantitiea ariung out of thii laat equation ii given by the aathor is ttte 
Appendix to the 'GentleniHi't Diary' for IS37. 
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denomiDator. Suppose the resolation of tliese factors to give 
/(*) _ (*^o)^ 

where P and Q ue of finite value vhen « = a. Tben bj 
division we should have 

and when x = a, this would obvioasly give for the required 
value, 

p 
OifM>n; gifM = fl,or(nifm<ii. 

The eUmination of the vanishing factors will in most cases 
be facilitated by snbatitnting a -)- A for «, so that x — a=- h. 
The form of ii will then be a function of A which becomes 

- when A = 0. By expanding, if necessary, the numerator 

and denominator of this function in ascending powers of h, 
and dividing by the power of A which is common to them both, 
and afterwards making A = 0, the result nill be the required 
Gondnuous value of the proposed vanishing fraction when 

(53.) The continuous value of the vanishing fraction may 
be otherwise determined by ascertaining in a different' manner 
an expression of its vslue in a continuous form for values of x 
contiguous to « = It. Thus when x takes the valne a + A, we 
have by Taylor's theorem, art. (45), obserrii^ that/(o) = 0, 
F(ffl) = 0. 

/(a + A) _/ia)+\/\a+ei) ^/'(a+ek) 

F(a + A) F(<i) + {f'(o + OA) F'(8 + tfA) 

This equation ia necessarily strictly true when A is of any 
vsloe, however small, positive or negative, and if /*(«>, 
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F'(a) do not both Tamsh or become infinite, the fraction oa 
the right hand will be continuous iu form when A nnishes ; 
therefore, maldng A = 0, we obtain, for the continuous value, 

p(«)~r'{«) ^''' 

But if f(a), F'((i) both vanish, by extending TayWl 
Beiiea to another term, we shall have 

/(<» + i) _ /(«) + */-(«) + Y^3 /"(a + gA) 

F (« + A) F(o)+5F(B) + gF'{8 + 6k) 

P"<o + eh) ' 

Henee, if /"(a), F"(a) do not both vanish or become infinite, 
we obtun, by making A = 0, 

F(a) F"(ff) ^''^■ 

By proceeding in this way, we nmilarly find that if the 

numerator and denominator with theii first n — I did^ntiil 

coefficients, Tii./W,/'(*),/"(<r) /'"-"(*). andF(*). 

F'(*), F'V) F '""■'(*) aeverally vMush when X = <t, 

and the nth differential coefficients /(<■)(«), F("> («) do not both 
vaubh or become infinite, then the continuous value of the 
fraction will be 

F(o) FW(e) 

(54.) Suppose the numerator and' denominator of the funo- 



n/W 



to be both of them infinite in value when x = 



that it becomes of the form — , "Dien by expresnng the 
Amotion by the redprocala, thus, 

F (a) -i— 
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it will become of the form rr . Therefore by eqo&tion (I) 
we get, by differentiating the niunenitor and denominator, 

/W_ {rw}'_ f/WI'F'w 
F(.)~ /W ~lFWJ/'W' 
{/<■')}' 
which gives 

This being the same as the equation (I) before obt^ed, 
we condade that the mode of operating in this esse is identical 
with that already indicated when the function is of the 



Thns, if after m— 1 differentiations the fractions 



F'W' 



W^)-r^)- ;^;;|2J">«rdI,l«con,.oftbeform 

— lara and if^T-rT-rdoeanot become of eitberofthosefonnB; 
00 FW(a) 

then, according to eqnation (n), 

/(a)_ /W(a) 
. F(o) Fl-)(<i)' 
(55.) We have therefore the following rule for determiniiig 
the conlinnous value of a fraction which for a particular value 
of the Tariable becomes of the form ;r or — %■ — Divide the dif- 
ferential coefficient of the nnmerator hy the differential coeffi- 
cient of the denominator for a new fraction, in which substitute 
the given value of the variable. Should this latter fraction 

still assume the form r- or — , the same process may be sue- 
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cessively repeated nntH one or both of the numerator and 
denomiu&tor ceasea to vaniah or become infinite in valae, 

Exaugile I. — When « ^ 0, find the continuous value of 



Here/x = I — coix, F(x) = sin**; and by differentistion, 

/'{") _ rinj! _ 1 

F'(z) 2BiD«coB« 2cos« 
ivhich, vrhen x=Q, gives ^ for the reqaired value. 
Exmgile 2. — When r = 0, required the value of 



k^ sin J! 
logsin 2x 



Since/(x)=logun«, F(*) =logBia 2*, we have 

•' sin« ^ ' ain2x 
. /'(x) _ COBJ Mn2* 
F'(i)~2coB2* ' sin* ' 
When « = 0, the first factor of this ezpreaaion is determi- 
nate and is s x- = i > but the other factor --: still 

2cos2z - sm* 

maintains the indeterminate form r , and its numerator and 

denominator must therefore be again differentiated, giving 

2cos2* „ _ , , , , . . 

— — — = 2. The value of the proposed expression la 

therefiirei x 2 = 1. 

ExoHgale 3. — When « ^ so , determine the continuoua value 

Df-^= — , the exponent m being a finite integer. 

Here we have rrrx = -^ = — , when * = <» , 
F(*) *■ oo' 

^ ■; ; ■ . - =: = — , when x=:<a, 

F'(r) m*"-' » 

&C. &C. &G. 
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/"'W ^, 






»)(*) 1.2.3 . 
The sought Talne is therefore infinite. 
I _ ••• . 

4. When « = 1, then ■; = ;r = - 

5. When x = a, then = ;? = e 

*— a 

6. When * = 0, then - '" -- = -^ = k 
7- When* = 0, then- 



sin« U 

8. When* = 0, then^^^^ = 7; = 

x' 

.... „ , tan X — innx 

9. When * = 0, then ■. = 



10. When« = l,thei 



I +logs: 
log cot J^ 



12. When«=0, then 



cos a*— cos P* „ _ a* 



—COS 6* fl*— i' 

ri. Functions in the Form of ProdueU. 
(56.) Again, if f{x)f{x) be a Ainction of f which, nhed 
11 = a, becomes X oo , it may be differently c^preased, as 
follows : 

A') nx) 

Since, when x = a, F(*) = 0, /(*) = oo , the former of 
these will assume the form ^ and the latter will ossmne 
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the fonn — , and either of them may be evaluated by art. 
(55). 

Also, if P («)-/(*) be a fimction of * which, when 
« =: a, becomes of the form «o — cd , it may be expressed 
thnat 

1 1 



F(,)-/W= /W/t.) . 



F(*)/(*) 
which, when * = a, will now become r^ and may therefore be 
evaluated as before. 
Examplel.—'Wiasi9 = -, required the raloe of 

Yi_^^tan« = Ox 00. 
In this example we have 

\ n / cot J^ 

T, this espressi 
ita value ia hence foimd to be 



SxampU 2.— WLen * = 1, find the value of ,~ — 

log* log* 

Hg^ * l_^*-t 

log* log* log*' 

which, when * =1, takes the form -, and its value is there- 
fore found to be 

--' ' = « = !. 



log* ~ 1 " 



.„gk 
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3. 'When x = l, then -, 



4. Whe!i*=<»,then<f-'log* = X<» = 0. • 

5. When * = 0. then *lt«* = X — a. = 0., 

6. When * = 1, then -^ — : =oo— 00=:^. 

' *— 1 log* 

7. When * = 0, then -T-B ^, = 00 -00 = i. ' 

8. When* = 0, theiT : — =ao— 00 = -^. j 

111. FunetioM « the Form of ExpOTtentiaU. 

(57.) The generel exponential function i( = F(i)f'' may 

for a particular value of « become one or other of the forma 

0", 00 •, 1±*,0±-, (o±*. 

Only the first three of these ue indeterminate in their 

character: the other tvro are determinate, and their values 

are evidently 

»"={: — ={». 

Since » = F(*yt*>, we have 

log.=/(x)logF(.) = !aIW. 

Therefore, referring to this espression for 1<^ u, 



vhen H is of the form 



log » is of the form 



Hence the valne of log h may be determined by art. (55), 
and thence the corresponding valne of tt. 
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ExtutpU I.— ■When* = 0, find the value of j;' = 0". 
HereusEf', andlogii = jrIogx = .^SS. 
* 

Vfhea « = 0, tliis expreasion for log u tokea the fonn ■ 

and hencei bjr diSerentiitioii, iti Talue is found to be 
1 
logu-_^= -p=-, = 0; .-.11=1. 

2." When « = 0, then a"'°''= 0* = 1. 

3. When * = 0, then (cotx)^'j= afi = I. 

4. When s = <x,, then «''W™- = a" = tf. 

6. When * = 0, then (1 + m*)- =: !• = «-. 

_L 1 

6. When*= 1, then*>-' = 1-= 7 

tv. HxcepUmt to TayWt Theorem. 

(58.) In art. (39) alliiuou has been made to the existence 
of certain functions, to the development of which Taylor's 
theorem ceases to be applicable for particular values of the 
variable, in consequence of the differential coefGcienta or 
derived functions becoming infinite in value. 

Let ^ (z) be a function of «, and suppose a given finite value 
a to be a root of either of the equations 

■(•("=». wr"' 

then it may be shown that +(jf) will be of the form 

^(*) = (x-a)^0(«) (1). 

the Amction <i>(x) not vanishing or becoming infinite when 
x = a, and therefore not involving as a factor any other power 
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of f — It. Also, the exponent fi wfll 6e pontile or negative 
according aa» = tt caosee ^ (x) to become Eero or infinity, or 



Kill evidently be the limiting valne of the fraction "^yw r 

which assumes the form — , when* ^ a, 

(59.) SiqipoBe a ^ven function /(?) to contain a term of 
tihe fbrm ^(«) ; then, if we proceed to the derived ftmctiona, 
/"(*) will contain the term (* — b)/'-'^(*) .^i 

/'"W .. „ (*-«)"-*(*). M0*-I)(f.-2) 

&c. &c. &c. 

Conuder now the following cases : 

1, If ft be a positive whole number, these terma will wholly 
disappear after /'*(«), and since the exponents ft — I, ^ — 2, 
fi — 3, &c. are all positi?e, it is evident that when x =:a and 
* — o = 0, the original introduction of the factor {* — o)" 
cannot thus afi^ the finite character of tbe valnA of the 
derived ftinctions. This case therefore does not form an 
exception to Taylor's theorem, 

2. If;ibeoftheform m + -> a positive whole number with 

the addition of a finite fraction, then the exponents fi— 1, 
/» — 2, ji — 3, &c. of the factor (* — o) in the above terms 
will be positive for the first m derived functions, bat will 
afterwards become negative. Therefore, when « = a, the 
terms will vanish from tbe first m derived functions and will 
hecome infinite in value in all the subseqaent functions. 
Hence, as r^jards the factor (* — o)"+^, the derived functions 
will, when * = «, be finite up to /<"•'{*), but/("+"l(*) and all 
the subsequent functions wUl be infinite. The expansion of 
the propoecd function by Taylor's theorem, for the particular 
value x= a, will therefore not in this case admit of being 
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carried to any terms beyond r-^ f(>»)(x + 6X), and it 

may be stopped at any preriona term j-s" ^/'"'C' + **)» 

where ft < m. Within these limits the accnracy of the 
development will not be affected by the infinite values of the 
highei' derived itindionB. 

3. If fi have a negative value, or a positive value less than 
unity, then the exponenU fi — 1, fi — 2, ^ — 3, &o. will be aU 
negative, and when x = a all the d^ved fiinctioDS wUl becoma 
infinite in value, ao that the conditions of Taylor's theorem 
not being fulfilled, it will be wholly inappUcable to the develop^ 
ment of the proposed function for the particular value « ^ a ; 
but the application will nevertheless be true in all cases tbr 
values of X which difin' from a by a finite quantity. 

The canse of these singular results may he ascertained by 
examining the effect produced upon the form of the function 
proposed for development. Thus when/(jE) contains the term 
(r — a)'*^{x), f{x + h) will contain the corresponding term 
{,x + h — aY^{x ■\- h), and, when r = a, this will become 
A*'0(a + A). As i^(fl) cannot = or oo, the expansion of 
this term wiU give a series involving powers of A be^nning 
with &<* ! when ^ is a positive integral nnmber, no peculiarity 
is induced ; but when y. is positive and fraetionBl, all the 
powers of h will likewise be ftw^ional, and when ^ is negative 
the development will contain negative powers of A to the same 

In these remarks, which apply equally to Stirling's theorem, 
the symbol jt, to observe the utmost generalil;, might have been 
considered as a function of x, and it is evident that all the 
peculiarities of form and result would then be determined in 
exactly the same way and would similarly depend upon tfie 
particular value of /i when x-= a. 

(60.) From what precedes we are led to the following 
general conclusions ; 

If when the variable « takes the finite velne a, &e function 
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f{») Bud its first m deriTed Amctions be finite and tbe 
M + Itt derived fanction be infinite ; then all tbe mcceeding 
derived functions will likeiriae be infinite, Etnd Taylor's 
tbeorem with tbe limitations, art. (45), will be correct if not 
carried fdrtber than the term involving A". Beyond thia term 
the theorem will be inapplicable, as indicated by the infinite 
values of the differential coefficients, because the fhrther ex- 
pansion of the proposed function y( j! + A) will consist of 
fractional powers of A, the first fractional exponent bdng 
contained between m and m + 1. 

If when « = a Uie value of the ftmctioD itself be infinite, 
then the values of all the derived functions will likewise be 
infinite, and the true expansion will contain negative powers 
of A. 

In either of these exceptional cases the definite expansion of ' 
the proposed function /(r + A) for « = a may be generally 
obtuned by first substituting a in place of x and afterwards 
expanding the reduced result, supposing a to be variable, for 
which Taylor's theorem may be employed if necessary. 

SiBMpfe.— Let /{*) = *a + (*» - fl»)^ ! then /'(*) will 
involve (*' — o*) , and /"{x) vrill involve {*' — a*)-* and 
become infinite when x=:a. 

Therefore the true expanaon of/(» + A) when x = a will 
contain fWtional powers of A commencing from an exponent 
between 1 and 2. To determme this expansion, we have 

/(* + A) =r (* + S)> + {(* + A)» _ .s}* 
.-. /{a + A) = (« + A)« + {(« + A)« - «>}* 
= ia + hr + i2ah + h»)i 
= (a + A)" + A*(2b + A)^, 
which may be readily expanded by die binomial theorem. 
Again, suppose ^(x) to be of the fonn e-^ ^(x), where m 
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is pOKtive and finite and <l>(x) not ^ or oo when x ^ 0. 
Since e^'v=:x, or e=x^v, this function may be transformed 
into the equJTalent espreBBion^(x) ^ *~^i^',^(a;) ; 

.*, a = 0, and 11 = ; . 

«~log* 

When X ^ a ^ 0, the paiticolar ralue of the fimction 

u = — —, which takes the form ^ , most be detennioed bv 

log* 
differentiating the numerator and denominator according to 

art, (55) j thus we find /i ~ — =— = — • Hence, making 

«'^ 0, the particuhir ralue of /i is infinite, so that if x were 
con»dered aa an infinitesimal, the value of the fimction ^ (x) 
would become an iafiniteaimat of an infinite order. Therefore 
the values of ^(x) and all its differential coefiicientB orderiTed 
Ainctiona will Tanish when x = 0, and the expansion by 
Taylor's theorem will in this case not fail. 

T. D^erential Coejleienti of the firm -. 

(61.) When two variables x and y are implicitly related by 
an equation 

«=/(*.y)=o. 

let the partial differential coeffidents with respect to x and 

tben, the value of Uie differential tnefficient or differential 
ratio ^, art. (32), irill be 






Gooi^le 
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If Tulnes otx and y can be fonnd which will iolfil the thiee 
eqaadons m = 0, P = 0, Q = 0, we ahiU han, ibr these 
particular values, 

dx~0' 
and die determiiuition of the continuous value in this case majr 
be fonnd bf successivelj? differentiating the numerator and 
denominator of the fraction, as in art. (55), with this difference 
that the result will lead to on equation involTing ^, the roots 

of which will give multqile valnes to tiiis sj-mbol. But these 
values may be more readily found by means of the expansion 
of/(* + Ai y + oA) i since by making/(x + A, y + ai) = 0, 
it is evident that A and ah will be corresponding increments of 
t and y in the equation ^(«, y) =: 0, and when these increments 
become infinitenmals, the symbol a will therefore represent 
the required Tslues of -?. 

The expanrion of/(x + A, y + nA), gjren in art. (47), being 
equated with zero, omitting the first term/(z, y), which = 
by hypothesis, we obtain 



wliich may be made complete in any number of terms by 
replacing « and y hj x + 6k and y + Bah in the last term, 
where tf < I. 

Now if particular Tslues of* andy give (^ = 0, (~\ = 0, 
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tlie first term of this cquatiop will disappear ; nod hence hf 
stopping the Kries st the second term and diridiag hy the 

— , we get an equation detennining the value of a = ^ for 

all values of h, and finally, making h = Q, the x + 0h, 
y + aBh became simply x, y, and we obtain, for determiaing 
the Gonlinuons value of a, the equation 

a quadratic, which mil therefore ^ve two values for " = —• 
If, however, for the same values of g and y, also 

(£)=». (a)=o. m-- 

then the first and aecond terms of the preceding eqnatiim will 
disappear, and hence stopping the series with the third term 
and, as before, dividing by the — . and afterwards making 

a cubic equatioi), ^hich will therefore determine three valuei 

Should the partial diffeientisl coeflSdents simultaneously 
vanish for still higher orders, the same process may be 
extended by including additional terms of the preceding form 
of devebpment ; but it will be unnecessary to do so here, as 
the general law of the sncoesnve terms is obvious, and these 
higher orders of multiple values do not often occur. It will 
be observed that the numerical coefficients of any order are 
those of the binomial theorem. 

ExatapU. — Given y' — 7x^y — 6 *' + i* = 0, to find the 
values of J^, corresponding to « := and yssQ, 



(S)= 
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0, y = 0, we haTe, by partial diffoeadatkHi, 
14jry-l8*' + 4«» = 0, 
7«» = 0i 



.-. 0= — 36 — 42a + 6a«, ora'-7ii— 6 = 0, 
the three roota of vhicb ore a = 3, — 1 and — 2 ; and these 
are tlierefore the required multiple valaea of ^ when x = 0, 

y = 0. 

(62.) The multiple Taloes of a differential coefficient, which 
takes the form --, may be more simply and expedilioualy deter- 
mined algebraically in tbe following manner: 

If the particular values of the Tarisbles he « = o, y = b, 
first transform the given function /{x, y) by substituting 
^ + a.y' + b respectiyely for r and y, so as to get the equi- 
valent function in which the value of -^ is to be obtained 

fin- y = 0, y' = 0. 

This last function being ananged in tbe ascending order of 
degree, with respect to the variables /, y*, let it be denoted 
by 

[»". s'l + W, y"];™ + [''. «.*-*. + &«• = 0. 

where [/, /]( ia supposed to comprise all the homogeneous 
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terms of the least degree I with respect to x* and y*, (n', j/')i+m 
the homogeDeous terms of the next higher dc^ee / + ■»> &c. 
As these fimctions are homogeneoas, it is evident thnt 

y L *^J' *'*■ L *'j,+„ 

which will now represent algebnucal functions of ^. Hence, 

divicUng the preceding equation hj ^, the result may be thus 
expressed : 

This equation, which must necessariljr be tme generally, 
determines %^^ function of /. Now, when «* = 0, y* = 0, 

the continuous value of ^ is obviously ^ or ^; and there- 
fore, making z* = and repladng ^ by -S., the equation ifxc 
determining this is 



['■Sr° 



Hence the equation for determining the required valnea of 
Jf is to be found by simply retaining only the hc^mogeneous 

terms of least dimensions with respect to the variables, then 
dividing the same by a power of / of equal dimensions, and 
finally replacing ? by ^. The accuracy of the result will 

evidently not be affected, should the Amction, which comprises 
the terms of least dimensions, at the same time involve terinB 
of higher dimensions that do not admit of convenient s^iant- 
tion, as these will finally vanish on making «* ^ 0, y" ^ 0. 
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-This general role will be found to appty with remarkable 
brevity and facility. 

JExantple. — Take that ^en in the last article, yiz. 

y> — 7x?y — 6*' + ** = to find the Talnes of ^ when ■ 
x=:0, y ^ 0. Since the particular values of the Tariafalea 
are already x = 0, y = 0, the equation does not require any 
preliminary change. The first three terms are homogeneoos 
and of the third degree, with respect to the variables ; but the 
last term being of the fourth and therefore of a higher degree 
must be rejected. Hence, dividing y' — 7**y — 6 j* by r^ 

and replacing ^ by ^ we obtain 



the three roots of which 
found. 



(l)'-(2)— ■ 

values of f^ 



(63.) The value of a function is a maximum if lets values 
obtain when the variable is supposed to increase or decrease 
by small quantities. 

The value is a mmimum if greats values obtain when the 
miable is supposed to increase or decrease by small quantities. 

A ttaxiotum value of a function is, therefore greater and 
s mtntotum value is U»» than the values which immediately 
precede and follow it ; and thus the relative analytical applica- 
tion of the terms maxima and minima has reference only to 
tiie values of the fimction which are immediately adjacent to 
the values so designated. 
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The same circumstance a or cooditions may recur for dif- 
ferent Talues of the variable, and thus a functioD may admit of 
eereral maxima and minima, and the extreme values of these 
will obrionsly be the mailmum and minimum values of the 
function in the absolute sense of the terms. 

In some cases, however, the value of s fmiction either 
always increases or always decreases when the variable is 
supposed to increase, and it therefore does not admit of an 
ordinary maximum or minimam according to the preceding 
definition. 



I. FunetioM of One Variable. 
(64.) Let u ^f(x) be a function of a variable t, and let it 
be required to find the particular values of the variable when 
the function is a maximum or a minimum. 

Supposing the value of z to change by a small quantity h, 
^fix) be a maximum we most have /(*)>/(* + A), and if 
f{x) be a minimum we must have/C*^)</(r + A), and these 
relations must be maintained whether h be positive or negative. 
Therefore, as k passes from ~ to +, the value of the limction 
/{i) will be 

a maximum T |" continuesto he neffativc. 

a minimum > Whcn/(* + A)— /(*)^ continues to bi 
neither J 

But, art. (45), 

/C*+A)-/(*)=A/C* + tfA). 

If the first derived function/'(ir) have a finite value, it is 
evident that h may be taken so small thaty(x + 6h) shall not 
change its algebraic sign when that of h changes. . As this 
value of /(* + A) — /(*) will then have different signs, accord- 
ing to the sign of h, the function /(«) will in such case be' 
neither a maximum nor a minimum. v 

The preceding conditions of maxima and minima will require 
~'~ that h andy (.1 -f- 6K) shall change sign simultaneously when h 
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passes through zero. But, art. (58), vhen a varisble quantity 
changes its algebraic sign it must either pass through or 
-. Therefore we must have — =y(*) = Oor;t »; and then 

supposing X, hj increasing, to pass through ita value, the 

fmiction/(*) will be 

a mSmum } "''" S =•''<'> """' '■'°" { - tt +. 
In the case /*(«) — 0, by ext«ndii^ Taylor's series to 

another term, we have 

/(' + A)-/(*) = ^/V + flA). 

Here again, it f"(^x) be supposed not to vanish, the value of A 
may be taken so small that f"(x + 6ti) sheli not change sign 
when the sign of h is changed. As A* is necessarily positive 
the value of /(i + k) -/(*) will have the same fixed alge- 
braic sign aa f'(x + Bk) oif'(x) ; and therefore the function 
will be 



a maximum 



}""»£= 



Again, suppose that a value of * which makes /(*) = 
also causes several of the subsequent derived function a /"(*), 
/"'(*), &c. to vanish, and let/f"' (*) be the first that does not 
vaoisb. Then, art. (45), 

/(* + *)-/(») = f2^>^"'(' + ^*'- 
As /<"'(*) does not vanish, it is evident, as before, that a valoe 
may be assigned to A so small that /<"'(* + 6k) shall not 
change its sign when that of A changes. The effect upon the 
sign of A" will however depend upon wllether the number n be 
odd or even. Thus we find. 

If n be an odd number, /[*) is neither a maTitniim nor ^ 

mimmnm, unless /("'x passes through - . 
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If n be on even aumber. 



•''••' \ inmimum } dx* '' I positive. 

(65.) The nature of the preceding relations, which constitnte 
the theory of maxinia and minima of functiona of one variable, 
may perhaps be made more familiar by the following simple 
considerations i 

As the derired fancdoii — =/(jf) represents the limiting 

ratio of the increment of the function to that of the variable, 

and as a decrement is indicated by a negative increment, let 
the variable x be supposed to increase continnously ; then the 
value of the function ^j') will increase when/'(*) is positive 
and decrease vh.tnj'ix) is negative. 

But '^J{x) increases up to a certiun value otx and aflerwards 
decreases, it will evidently pass through a maiimum value, 
and if it decreases and afterwards increases, it will pass through 
1 value. The function will therefore pass through 
d value whenever the valne of the 



first derived function _ =f(x) passes from + to — or from 

— to + respectively. 
After determining the values of x which make/'(«) e and 

i — ■ = 0, this last simple criterion, which is that first ob- 
/(^) 

tained in art. (64), will generally be sufficient to distinguish 
the maxima and minima values, if any exist; and then it will 
be unnecessary to proceed to any derived fimctions beyond 
/(')■ 

The process is also sometimes facilitated when the fnnction 
admits of being reduced or simplified by first mnltiplyjng or 
dividing it by some constant, raising it to some power, taking 
the logarithm, or performing some other operation according 
to the particular form of the function under consideration, the 
only restriction being that this preparation of the function 
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afaould not disturb the general relations as to corresponding 
maxima aiid minima. 

(66.) The different cases spedfied in art. (64) may also be 
characterized geometrically by making the' variable x the 
abscissa, and the fiu)ction/(j^) the ordinate of a carve line, of 
vhicb the equation is y =f{a:). Fig. 1, 

1. If for a value of r which makes 
/(*) = 0, the value of/'(r) is negative, 
or if the first of the successive derived 
functions that does not vanish be of an 
even order and its value negative, the 
corresponding value of the functional ordinate will be a maxi- . 
mum ea represented in fig. 1. 

2. If for a value of jr which makes /*(*) ^ 0, the value of 
f'{x) is potilwe, or if the first of the Fig. 2. 

successive derived functions that does 
not vanish be of an even order and its 
value poaitiee, the corresponding value of 
the functional ordinate will be a Tninitmtm 
as represented in fig. 2. 

3. If for a value of * which makeBy(ir)=0, also/"(«) 
= 0, and the value oif'^x) is potittve, or if the first of the 



successive derived functions that does not 
vanish be of an odd order and its value 
poMtive, or if the first of the derived 
Amotions that does not vanish be of an 



n order and its value p 



s through -- 



Fig.3. 



w 



from — QD to + CO, the corresponding value of the functional 
ordinate will be neither a maximum nor a minimum, and will 
be of the kind represented in fig. 3. Fig. 4. 

4. If for a value of x which makes /"(z) 
= 0, also /'(*)= 0, and the value of /"'(*) 
is negative, or if the first of the successive 
derived functions that does not vanish be of 
an odd order and its value negative, or if 
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the first of the derived fimetioiia that does not vanish be of an 

even order and its nalne passes through -- from + oo to — cc ' 

the corresponding value of the functional ordinate will be 
neither a masimum nor a minimum, and will be of the kind 
represented in fig. 4, 

5 . If for a value of j; which makes -j— - = 0, the value of 

/"(*), as X Increases, passes from + co to Rg.'S. 

— 00. or if foravalue of * the first of the 

successive derived functions fix), /"{x), 
• &c. that does not vanish is of an odd order 

and its value passes from + co to — oo , the 

corresponding value of the functional ordi- 

nate wilt be a maximum as represented in fig. 5 or fig. 1 . 

6. If for a value of x which makes -r;-^ = 0, the value oi 

/'(i), as X increases, passes from — co to 1^. 6. 

+ oo , or if for a value of x the first of the , 
derived functions/'(a^),/"(a^), &c. that does 
not vanish is of an odd order and its value 
passes from — co to + co , the correspond- 
ing value of the functional ordinate will 
be a mininmrn as represented in fig. 6 or fig. 2, 

Example 1 . — Divide a number a into two parts, snch that 
their prodact shall be the greatest possible. 

Let X be one of the parts, and a — x the other; then 
/(x) = x{a—x) = aa^ — j;^ is required to be made a maximum; 
.'. /(x) = a — 2i put = 0, gives x — -Ja. When x is less 
than Ja the value oif{x) is +, and when x exceeds \a the 
vMue of/'(j?) is — ; hence, when x passes through its value, 
f{x) passes through + — , which indicates that the value of 
the function first increases and then decreases, and therefore 
passes through a maiiniiim, the nnmber being then equaUy 



i 



i 





MAXIMA 


AND MINIUA. 




Example 2. 
thea 


-If. =/(,) 


= 2.>. 


-9a.' 


+ 12, 


^^=/(') 


= 6*»-18ar 


+ 12 a' 


= 6(.. 


-«)(,. 



>-2a)= 

gives x=^ a and x ^ 2a. When x passes through the first ot' 
these valuesj /'(*) passes through + — , which indicates 
« maximum, and when x passes through the second value, 
y(*) passes through — 0+, which indicates a minimum. 
Therefore, when x = a, f(x) ^ a^ a maximum, and when 
X = 2a,/(x) = a mimmum. 

Ex. 3.— IfB = i + («-o)*: 
then J- =/*(*) = f (*—«)' = Ogives x= a, and as* passes 
through this vriae,f(x) passes through — +, which indi- 
cates a minimum of the kind represented in fig. 2. 

Ex. 4.— If u = e + (x—a)% 

then Ji= f(x) = I (x—a) = pves j; = a. Aa * passes 

through this value, fix) passes through + + and does not 
change sign. The value of the function therefore first increases, 
then just ceases to increase, and again increases. It is hence 
neither a roaxinmni nor a minimum, but of the character 
shown in fig. 3. 

^*.5.— IfB=ft +(,-tt)*j 

then — = y(j') =^(/— a)~', which = oo when x = a, and 

as * passes through this value, /*(») passes through — » +, 
which indicates a minimum of the kind represented in fig. 6. 

Ex. 6. — Reqmred the height (x) at which a light should be 
placed above a table so that a small portion of the surface of 
the table at a given horizontal distance (a) shall receive the 
greatest illumination from it. 

If ^ denote the angle under which the rajs of light meet the 
given surface, the degree of illummation will varj as the sine 
of this angle directly and the square of the distance (r) inverself . 
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must be a muimnm ; or, taking the logarithm, the value of 
log* —l-log (a'+x^) most be a masimum. Denoting tliis 
last fuDction by u, we have 

ds~ X a^ + «' ~ ^(o^+T'j ' 

_- du 

which = 0, when x = a v^ an4 as ^ passes through + 0—, 

the value of the function is then a maximum as required. 
7. If« 



and when «= — a, u-^ —\ a minimum, 

8. Of all rectangles of a given area, a square eihihita the 
least perimeter. 

9. Ifi(=*» — 3at* +4o3; then«=0 gives a = 4ii* a 
maximum, aad j: = 2a gives u ^ a minimum. 

10. Ifa = lHE5; then when X = e, «i = i a 



11. Ift( = **"j thenzse^makes » = e'~°amB»mnm. 

12. If « = T 



1 



TTi a maximum. 



then * = vo6 makes i> =- 7— i — j — ttt* 
13. Iftt = cos* lysine; thencos'« = }, sin*«=^ pve 
" ^ i Tg v3 a maximum and a 



II. Funetiont of Two Variable, 

(67.) Let K = f{x, y) be a function of two variahlea g and y. 

When the value of u Is a maximum we must have f[x, y) 
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>yt* + A, y + A), and when it la a minimum we mnst haTe 
f{_x, y) < f{x + Aj y + k), and in either case this relation must 
remBiD unchanged whatever ms; be the algebraic sig;tis of 
h and k = ah. Therefore, for all combinations of valnes and 
algebraic signs that can be given to the small quantities h and 
k = ah,ii for brevity we put 

/(x + h,y + ah) —/{g,y)=8u, 
the value of the function u will be 

a maximum 1 reontinnes to be negative, 

a minimum > vrheu Su < continues to be positive, 
neither J [_ changes its sign. 

But, art. (47), we have 

'-{(I)-(?)}::k.. 

"When the value of this expression continues to be of the 
same algebraic sign, the value of the factor contained between 
the bracketSj which corresponds to x -f- Sh, y + 6ah, must 
change aigu with h, and this change of sign must occur when 
A = 0, or when x + 6h, y -f a6h become x, y. Therefore, as 
the value of a is arbitrary, we must then have 

unless one or both of these partial difTerendal coefficients should 
pass through the value r- with corresponding algebraic si^s. 
These two equations or conditions will determine the particular 
values of the variables. 

To ascertain further regarding the algebraic «gn of the value 

of Su when ('3-1 = and I -T-1 = 0, let the expansion (^ 

^C* + S, y + ah), art. (47), be extended to another term ; 
then, as the term of the first order in h now vanishes, we 
obtain 

-=^{(S)-(lf>-(P)};:s. . 
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If the second differential coeflScients do not severally TtmUh 
and their relative magnitudes be such that the value of 

(£i)-(l|)-"(S^.) 

shall not vanish but, continue of the same sign for all valiies of 
a, it is evident that A may be taken so small that the value of 
Su will alnays have a corresponding sign, nhich wOl not change 
witlji that of A. For brevity let this expression be denoted by 

then when o = its value will he A, and, when the arbitrary 
quantity a, which is unrestricted in value, in made indefinitely 
great, its algebraic sign will he determined by that of B, The 
differential coefficients represented by A and B must therefore 
have like signs, and for all other values of a the expression 
must retain the same sign. By putting the expression under 
the equivalent form, 

it becomes evident that it will necessarily have the same siga 
with the coefficient A when the value of AB— c' is positive, or 
AB >,c=; that is, 

This is Lagrange's Condition of maxima and minima, and 
when it is satisfied the value of the function u will be 

L ^ ^ \<hy I positive. 
If (A) and (B) <""(xr) ^^ { T^) ^'"^ different signs, or if 
Lagrange's Condition be otherwise unsatisfied, the function 
is neither a maximum nor a minimum. Also if the values of 



! and y which make! j-t= 0, ( -I = o should happen to 
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/rf%\ /dht\ /dhi\ 
cause the second differential coefficients \^^j , y;^). \^) 

tovanish, itmaybe shown, as in art. (64), that a maximum or 
minimum votue of the function nill require that the first set of 
differential coefficients that do not vanish be of an even order. 

ni. FunettOM of Three Variables. 
(6R.) Let B =/t'i tf, 2) he a function of three Tariables 

X, y, and z. 

When u is a maximum f(t, y, i) >/(x + h,y + k, i+ I), 
■ and when it is a minimum/(*, y, r)< ^* + A, y + A, 2 + 0, 
where the symbols k, k^ ah and I = jSA denote small changes 
in the values of the variables. As in the last article, the 
Talues of X, y, 2 which maintain either of these relations 
must be found amongst the systems determined by the 
equations 

(£)=«• (J)=»- (S)=»- 

excepting, as before, the occurreoce of infinite values. 

If tbe second differential cocfGcients do not vanish, A may 
le taken so small tbat tbe value of 

Bit =/(x + h,y + ah,z + $k)-fix, y, *) 
shall hare the same sign as the expression ' 

\dxdy} 
and not change its sign when that of k changes. For a 
maximum or a minimum therefore it will be essential that the 
value of this expression be either always negative or always 
positive, whatever values be given to the arbitrary quantities 
a and j3, which are wholly unrestricted. To facilitate the 
determination of the requisite conditions amoogst the coeffi- 
dents, let the expression be more hriefly denoted by 
, = (A) + {B)aS+ (C) ^H 2Ca)a/9 +2(6)^ + 2{c)a 
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and by patting it imder the egiuTalent form 

it ia obTioua that it irill ftlvay s have the same sign with the 
coeffident A, provided that the value of (AB — c*) o' + 
2(A8— ic)a3+ (AC— J') jS^ be always positive, and this will 
hethecasBwhenAB-c»8nd{AB-c»)(AC-6=)-(Aa-6e)' 
are both positive, or AB>c" and (AB — c')(AC - fi") > 
(Ad — be)^. There a/t therefore two conditions of maxinut 
and mimmii, viz. 

lydpjydy^JXd^) i [\d^AdTy\d7z) J 

L \d^y\dy dz) \d)e dz/\dx dyj i 
* When both of these conditions are fulfilled, the function * 
will, as before, be 



{''W"(S)»{;s;"' 



(69.) The conditions may be otherwise obtained in a 
Byinmetrical form, and the extreme value off determined as a 
maximum or minimum value of a function of two variables 
a, $. Thus we have 

^^^ = 2 (Bo + b3 + c) = . . . . (1) 
(^) = 2(CS + «a + fi) = 0....(2) 

(S)=-. (©=-. (S)=- 

* The Gnt of theae coaditiaiii to u eiMnUtl m the lecond, althoogh It 
to commDDl; neglected b; mlt«n on thu lubject. 
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Hebce (67) if BC> a^ the valae of t will be 

a maximum 1 'f i n . n / neeiiUv^ 

. mimnm } "f ■*■*"'"= "^ 1 poSti.e, 

SO tbat if this vnlue have the same sign as A, B, and C, oQ the 

Tftluea of < mil have the same sign. From equations (1) and 

(2) the values of a and jS which determine this value of < are 

= "^ — ^^ a = "c — B^ 

" BC-a*' BC-fl» ' 

For simplification, previous to the substitntlon of theaevaluea, 
mnltiplv equation (1) by a, equation (2) by $, and add the 
results, and Bo* + Ci3* + 2aa/3 + 6i3 + ca = 0. These 
terms heing therefore omitted in the expression for <, it 
becomes *^ A. + bfi + ea, in which, now subsUtutisg the 
paiticolar values of a, p, we get 

_ABC/ «^ *!. £i.+ 2f6f (3, 

BC-fl«V BC ~ CA ~ AB ^ ABC ^ -'' 

When this extreme value of < is of the same sign as A, B, and 
C, we have therefore the symmetrical condition 

^ ~ BC CA AB'*"aBC>" • * • t'*^- 
Also, patting 

"■■* = SB' °°''*- & °'"'*'- S ■ ■ <''■ 
the value of « becomes 

, = i^L (1 — cos'^— COB V— «« V+ 2coa if, cos^' co»^"). 
sia'0 

But if (j>, ^', <j>" denote the sides of a spherical triangle, and 
la, tt', B>" the perpendiculars upon them from the opponte 
angles, this last expression, by spherics, is equvalent to 
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which, for a given Bmall increment A and arbitrary small in- 
crements A and I, represents the leaat possible value of Sa when 
considered apart from ita algebraic sign. 

Similarly, for a given small increment k and arbitrary small 
increments I and h the least possible value of Eu, or the value 

that approaches nearest to zero, is 8u = y-r ( j-^jsin^u'; 
and for a given increment I and arbitrary increments h and Jt, 

VFe also here conclude that the conditions of maxima or 
minima, with respect to the value of the function h, will be 
definitely indicated by the values of the angles tf), rp', ip" given 
by equations (5). These conditions will be : 

1 . That the values of the angles be real. 

2. That their relative magnitudes be such as to admit of 
being made the sides of a spherical triangle, which will simply 
require tbe value of each of them to he less than half their 
Bum. 

For functions of two variables there will be only one angle <p, 
and the analogous condition will only require that the value of 
this angle be real. Also the values of Su nearest to zero for a 
given value of h with A arbitrary and for a given value of 

A with A arbitrary will then be *'" = i~o ( T^ ) sia'^ and 

^'' 1.2 W) ''■ 

The form of the condition (4), for three vaiiables, ia equiva- 
lent to that first obtained, since (AB-c^)(AC-i2)-(Aa-ie)' 
= ACABC-Aa^-^BS'-Cca + 3a6c)>0, which divided by 
the positive factor A*BC gives (4). Also when the values fulfil 
the condition (4) and any one of the three conditions AB> c^, 
BC > a', AC > 6^, the other two will necessarily follow. 

In conclusion, it may bo as well to observe that tbe conditions 
and criteria of maxima and minima here investigated, though 
occasionally indispensable, are not oft«n required, as the general 
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circamstances are in most casea aufficiently indicated in the 
nature of the problem, and it is then only requisite to soke 

ft. .,^i.n. (|)= 0, (I) = 0, (I) = 0, ,., the a.,.™- 

natioD of the TariaUes, 



CHAPTER VII. 



PROPERTIES OF PLANE CtlRTES. 

I. Quadrature and Reetifieation. 

(70.) The theory of plane curve lines forms a leading subject 
ia Analytical Geoinetry of Two Dimensions, and the inresti- 
gatlon of the various properties is generally found to be con- 
venient and symmetrical when the positioDS are referred to 
rectangular coordinnte axes. 

In the annexed diagram let Ox, Oy represent the positive 
directions of the axes ; then, OD = x, 
DP = y being the two coordinates of the 
point P, the curve vfhich is the locus of P 
is determined by an equation 

y = *W, OT/{x,f) = 0. I o I. r. - 

Suppose X and y to receive the increments Ar and iy, and 
let thfi nevf coordinates OD' = x + &x, IVQ = y -I- Ay de- 
termine a second point Q, so that DD' = PG = Ar and 
GQ = Ay. Then if A denote the function vihich expresses 
the value of the area contained between the ordinate, the 
curve, and the axis o{x, the curvilinear area between the two 
ordinates DP, D'Q will geometrically represent the value of 
AA, and it is evident from the digram that this value of aA 
will he comprised between the two rectangles yAr and 
(y -|- Ay) Ax, being greater than one and less than the other; 

.*. — is comprised between y and y + Ay. Hence, proceed- 
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ing to the contiaiioiu valiies at the limit vhen Air = Of we 
obtlin 

--- = y, ordA = vox. 

As thii lelation must coTTespond with the differentiatioii of 
A &9 a function of e, it is evident that the determination of A 
from it will be the inverse process to that of difieienlialion. 
This inverse process is called Integration, and is nsually 
indicated by pre&dng the sjrmbol^ thus 

A=/yir. 

The method of obtaining the value of this integral is the 

province of the Integral Calculns ; and, when taken between 

given limits, it will express the area contained between the 

corresponding ordinates. 

(71.) Again, let it be required to express, by means of 
infinitesimals, the area contwned between the curve, two gjven 
ordinates yo, y™. and the asis of tr. 

Suppose a number m — 1 of equidistant ordinates y,, y„ 
Jff •• y»-i ^ ^^ inserted between tbem, and let (£r be tiie 

common difference of the abscisses 'g, «,, «, *■,. For 

brevity let (f/„ j/i) denote the portion of area contained 
between y^ y,, the axis of x and the curre, and the same 
for the other ordinates. Then it is evident that 

il/aVi) ^'ll he comprised between t/^dxaad y,djf 

d/il/t) » » » ifi^ » ift^ 

(y» Va) » » » 1/t^ u 1/t^ 

&c. &c. &c. 

(y«-iy>-) » » >. y«-i(b „ t/mdx. 

Hence, if 

2y d* = y^ds + y,dr + y,dr + y„_, dx, 

the sum of these relatitms proves that the total area (y^ y«) irill 
he comprised between lydt and Zyiir + (ya — y^)^. 
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If we now snppoae the nianber m — J of intermediate 
ordmates to be increased without limit, dx and (^n — y^dx 
will decrease without limit, and therefbj^ Zy<£r will approxi* 
mate to the proposed curvilinear area-as its utmost limit; 
that is, 

A = Zyili. 
But we have seen that this currilinear area is expressed bf 
the integraiyyii. Therefore 

fydx=. Sydi. 

Hence it appears that eveiy iategral /yi2r expresses that 
value to which J^ydx approximates as its ultimate limit, on 
increasing indefinitely the number of subdivisions dx, both 
beii^ estimated between the same limiting values of*. This 
character of an integral presents to the mind a clear view as 
to the result of a process of integration, and the area of a ciu^e 
offers the most simple geometrical representation of the pro- 
cess. "When dx is taken indefinitely small so as to be con- 
sidered as an infinitesimal, called an element of r, each of the 
terms ydx of Sydi is a similar element of the area; and we 
have shown that the nearer the values of these elements are 
taken to zero, the more accurately will they represent the 
relative changes of their respective primitive quantities, and 
the more accurately will a succession of them compose those 
quantities so as to form a continuous result. The idea of 
elements greatly facihtates our reasonings in the higher 
applications of the Differential and lutegral Calculus, and 
gives to the mind the most ample scope in geometrical and 
physical researches,- whilst a strict adherence either to the 
prindple of derived functions or to what is usually called the 
theory of limits, which some authors rigidly contend for, 
woald render many investigations exceedingly cramped, and 
others almost impossible, 

(72.) If a right line rt which passes through the two points 
P and Q be supposed to revolve about the point P so that the 
intersection Q with the curve may proceed towards P, it haa 
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been ehown, art. (9), that when the point Q anivea at the 
point P or when the distance PQ becomes en infinitesimal, 
the corresponding continuous position of the line r» will 
ultimately coincide with the tangent TP which touches, the 
curve at the point P, and that the infinitesimal line PQ, 
becomes then an element of the arc of the curve. These 
.considerations are equivalent to that of conceiving the tangent 
to be a line which passes through two points of the curve 
that are infinitely near to each other. Let » denote the length 
of the arc from a given point in the curve to the point P; 
then will eh, dy, and da symbolise the relative infinitesimal 
values of PG, GQ, and PQ. But PQ» = PG= + GQ'; 
.'. ds^ =. dx^ + rfy^ 

When y is known as a function of z, explicit or implicit, 
ihiB expression serves to determine the length or rectification 
of the curve ; but the inverse operation of integration, indi- 
cated b^y, will require the aid of the integral calculus. 

II. Tangent and Notiaal. 
(73.) Let a denote tlie angle PTD or the inclination of the 
tangent with the axis of j; then, from what precedes, we 
have, as before deduced in art. (9), 

tan M = -r ■ 
dx 

If a, |3 be the coordinates of any point in the tangent PT, 

this gives 

'^ - y _ '^y . 

o — * dx' 
therefore the equation to the tangent is 

The normal PN being perpendicular to the tangent, if o', 8* 



PROPERTIES or PLANE CDRTXB. 115 

be tbe coon^nates of any of its points, its equation is hence 

Hence if ji denote the perpendicular OH from tbe origin 
upon the tangent and p' == PH that upon the normal, we 
shall have 

jfrfy — t/dx- , xdx + ydy 

P = 5 P= s 

Also, if a", ff' be the coordinates of any point in the line 
OH drawn through the origin perpendicular to the tangent, 
the equation to this line is 

' iy 

Again, since tan u = ^, and ds' = dx' + dy^, we have 

cos 0) = -— , and sin » = -i^ ; 



. PT = tangent = 



,t=J!- = !^. 
dy 

PN = normal = -^- = ^, 



DT = subtangent = ^-— = 
° tanw 

DN ^ subnorm^ = y tan a 



_y^ 



(74.) When the equation of the cuire is of the form 
«=/(*, y) = 0, the differential elements dx, dy will be 
connected by the corresponding difTerential equation 

(l)^' + (5)*=»- 

Therefore tbe elements dx, dy, and d» nill hare the same 
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mutaal {>rDportioiis aa the reapectlre qnantities 

and bj replacing them b^ these qnantities the preceding j 
relation^ and any fonnulfc involTing the ratios of the elements, \ 
ivill then become adapted to the case in which y is an implicit i 
fanction of *. 

The equatioQ to the tangent, under thia form, ia tiius 

and it is therefore to be practically obtained by this rimple rule : I 

Differentiate the given equation of the cnrve, « =f(jc, y) = 0, ] 
and write a — i, j3 — y in place of dx and dy. 

Also the equation of the normal is | 

(?)(■■-)- (§)(^-')=''- 

Example. — ^The equation to an ellipse when referred to ita 
centre and principal semidiameters a, A, is ^ 4- ^ = 1 , 

By differentiatiiig, this fpna -^ tir + 1^ ''y = ; 












° b's a* 

■nbtai^ent = — -rj--, and subnormal = 5 *• 
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Also, the equation to the ttmgeDt is 

and the equation to the normal is 

y (a'_,)_^(j9'_y)=0, OT-V-— ^ = a»-is 



111. Jtyiaptotet. 

(75.) Two cnrres or a curve and straight line are mutnally 
asymptotic when they continually approach indefinitely nearer 
and nearer to each other, hut 'do not meet at any finite distance. 
By an asymptote to a curve we generally understand a strught 
line, snch that if it and the curve be indefinitely cootiaued 
they will thus continually approach each other hut never 
meet. It may therefore he considered as a determinate 
tangent to the curve when the point of contact is removed 
to an infinite distance. 

The position of the tangent to the curve is geometrically 
determined when the intercepts OT, Of of the coordinate 
axes are known. 

In the equation of the tangent, 
art. (73), make fi = 0,- and we shall 
find the intercept of the axis of x, 
hetween the origin and the tangent, 
to be* 

Also, by making a = we similarly find the corresponding 
intercept of the axis of y to be 

* In the diagnm, OT being in the coiitrai7 direcHoa to 0« mait Im 
accom^dan^MMqaantity, and equal to OD—DT. 
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If, when * = 00 or y = co, either of these values of a^ and 
i9g should be finite, the curve vriU have one or more asymptotes 
which will thence be determined. 

When Ofl is infinitt and ^^ finite the asymptote ia parallel to 
the axis of x. 

When a^ is fiiute and /Sg infinite the asymptote is parallel to 
the axis of y. 

When og and 0^ are hoik finite the asymptote passes throngh 
the two determined points T, t. 

When the Taluea of a^ and j3g are both = the asymptote 
passes through the origin, and its direction will he determined 

by the value oS^ when * ^ co Or y = oo . 

But when the values of a^ and R^ are both of them infinite, 
the tangent is at an infinite distance from the origin, cannot 
be constructed, and ifl not an asymptote. 

The asymptotic branches of the curve will, with few ex- 
ceptions, be analogous to one or other of tbe forms exhibited 
in the annesed diagrams, and will only differ with respect to 
relative situation. 




These diagrams, for example, may be considered to represent 
the general features of the respective curves determined by 
the equations 



-A^- 



, andy = -|- 



When the axes of coordinates or lines parallel to them are 
asymptotes to a curve, the circumstance will at <aice be 
indicated as follows : 

If, when y = 0,.f= i», the axis of «ia an asymptote; and 
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if, when * = 0, y = co , the axis of y is aii asymptote. Such 
is the case with the cnrre whose equation is ly ^ a'. 
- If, when y = £, «^co, a lioe parallel to the axis of x, at 
the dbtance y = b, is an asymptote ; and if when x = a, 
y = 00 , a line parallel to the axis of y, at the distance x = a, 
is an asymptote. Such is the case when the equation is ' 
ty — ay — bx =: 0. 

In other cases the position of the asymptotic tangent, if any 
such exist, wiU be ascertained hy detennining as before the 
values of the intercepts a^ and ^g. ' - 

(76.) The practical calculation of the values of a^, ^^ ^"^ 
of the equation to the asymptote may he considerahly facilitated 
hy putting the expressions under the following form : 






Now since — -— = -^, where a, $ we the coordinates of any 

point whatever in the tangent, if when jr ^ co , y = co this 
tangent he an asymptote and pass at a finite distance from the 
origin, this point can be taken so that a and |9 shall be both 

finite, and the relation then wTea ? = -/. Let therefore - 

= ( and - = e ! then |3j = — , and the eqtiation to the tan- 

dy 
gent when it becomes an asymptote >8y = 3o + X*~ 

0Q + ix. Hence the following easy role : 

In the pven equation of the curve substitute x= - and 

y = -, and, after redudog the equation so obtained in t and v, 

detennine from this equation the values of t^ and ;9, = — 
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when B is made to vaniah ; then, if the value of (3^ be finite 
the equation to the required asymptote is 
y = V + $a. 
If by making t ^ ao yie obtain a finite corresponding value 
of V, this will determine an asymptote parallel to the axis of y 

at the distance x= — 

Example 1. — Let the equation to the curve be «y— oy— &r 
=: ; then substituting - and - for x and y, and reducing, we 
obtain 

dt _ at+ b 
' dv~ l~av ' 



-8«.=0. , 



Therefore, making r = 0, we get f ^ = and j3g = h, and 
the eC|uation of the aajmptoto ia y = &, indicating that it is 
parallel to the axis of a at this distance. 

By making i=co we get r=-; .-. x = a is another 

asymptote and is parallel to the axis of y. 

Example 2. — Let y* + x^—axy = ; then substituting as 
before we get 

di ^ at 



^'+1-0(5=0, fi=" 



Ilence making v = we obttun <o= — 1 andj9o = — -, 
and the equation to the required asymptote is therefore 

3. The curve (^ + l)y = {x—\)x has an asymptote de- 
termined by the equation y ^ *— 2. 

4. The curve y» —,ax^ + «* = has an asymptote deter- 
mined by y = ^ — *■ 

5. The curve y"— 2xy^ -f- *^ = a^ has two aaymptotea. 
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Til. the axis of x and the line y = x, vbich makes equal angles 
with the coordinate axes. 

6. The curve tcy^'~y = «^ + 2o*'+ bx + e has three 
asymptotes, vii, the axis of t/ and the two hnes y = x + a and 



IT. Circle of Curvalvre. 

(77.) A tangent to a curve maj' be conceived to be a line 
drawn through two of its points which are indefinitely near to 
each other ; and these points being considered as the extremi- 
ties of a differential element of the curve, it is evident that 
the first differentials of the coordinates which ^pertiun to 
the tangent will correspond with those of the curve at the 
point of contact. 

Similarly, the drete of eureatitrt or the oteulating eirefe 
may be conceived to be that drcle which passes through 
three consecutive points of the curve which are indefinitely 
near to each other, the position and magnitude of a circle 
being determined when three of its points are known. 

These three points being considered as the extremities of 
two successive differential elements of the curve, it is evident 
that both the first and second difTerentials of the coordinates 
which belong to the circle and curve must correspond at the 
point of contact. 

Let x", y" be the coordinates of the centre of the circle, 
and *— *", y—y" vriU be the two lines drawn from it respect- , 
ively parallel to x and y and terminating in the circumference 
at the point of contact ; hence, denoting its radius by p, its 
equation is 

Now unce this circle corresponds with the cnrve at two 
other points contiguoos to the point of contact, we may dif- 
ferentiate twice and consider the first and second differential 
of the ordinates jr, y as agreeing with those of the curve. 
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Heace di£Ferentiatmg, obsernng that in proceedii^ to these 
pointa tf', jr" remain inTariable, we get 

<to (*_*") +(fy{,-y") = 0, 

rf** (*-*") +rfVty-f") + <^' = Oi 

where i*^ = dx^+ <V> "^- (7V> ' denoting the length of the 
curve. The first of these two equations requires the centre tit 
the circle to be situated in the normal, and the second cmn- 
pletes the determination of its position. Thus, frova the two 
equations we deduce 

' ' dyd-'x-dxdY ^ ifyd^x-dxtPy' 

Therefore, substituting these tbIucs in the equatioa p* 
= (*—*")* + {y— jr")*, we find 

'' dyd'x-dxi^ ' 

Having proceeded on the principle of general difiieientiatlmi 
m obtaining this expression for the radius of curvature, we 
majr hereafter assume an independent variable at pleasure. If 
we consider the axia of x to be horizontal, the value of the 
radius will be pontive when the convex side of the curve is 
presented upwardt, and it will be ntgatite when the convex 
side of the curve is presented dowmoardi. 

(78.) The value of the radius of curvature may be otherwise 
determined by conceiving the centre of the circle to be the 
intersection of two normals drawn from 
two points which are indefinitely near 
to each other. Let PS, VR be two 
consecutive normals meeting in B, the 
centre of curvature, the element PP 
of the curve bemg d». Let also two 
tangents be supposed to be drawn at P and P, the former 
making an angle <a with the axis of x. Then, as « is decreas- 
ing, the angle included by the tangents will ht—du, and this 
must evidently be the same as that included by the noimab. 



.^L- 
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We have Uraa PB=3p'B=:p, PP = ii*, and the angle 
PEP == - A.. 




By making x the independent vajiable, or s 
be ooiutant, this becomes 

_ ^_ (-S)* 

which is the formula mostly employed in calcnhtting the radius 
of curvature. The metuure of the eunature of the curve at P 

will be the redprocal of this redioB, or - , being the same as 
that of the drde. 

Differentiating the equation dx* + dy^ = d»\ we have 
dxd^x + dyd^=d*d'»; 

\A^ng{dyd^x~^dxd^)^ to this, the result is 
{dfd^x-dxdh/)' = d»'{(d^T)' + idh,)*-id*t)'} 

tk^ 

■*■ ''-^{id*,)^ + (d^y)'-idh)')' 

Coogk 
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and, nuking ( the independent rariable, thii becomes 
d$* 

whiidi ia a STmmetrical form of expression for the radioB of 
corrature. 
Esanvple 1. — Find the mdiuB of cnrratote at Bay point 

in an ellipse whose equation is -j + p ~'- 

Making * the independent raiiable, ve have 

dx ah/' djt^ ~ a^> * 

Exami^ 2. — In the cycloid, taking the vertex as the otigiii 
of coordinates, 

y = -Jiax — *^ + o 'era - ' - ; 



.'. pi=2 V2a(2o — «). 
Example 3. — In the parabola y^ = itnx. 

Example 4. — In the rectangular hyperbola, referred to ita 
asymptotes, 2xy =a\ p= ~!L,r beii^ the line drawn from 
the origin to the pobt in the curve. 

Examples. — In the conjugate hyperbolas -j — tj— ^ j^ - ^ 
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Examples,— in t'he catenary ^= -I e° + e 'l,p — _2_, 
Example 7- — In the hypocycloid x* + y* = a*, 
p=: — 3(a*y)f 

V. Etolute and Involute. 
(79.) If we suppose the point P to pass continaoiuly 
throngh every point of the curve, the correBponding poaitioni 
of the centre R of cuirature will trace out another cuire. 
This curve, which is the locus of the point R, is denominated 
the evolute of the proposed curve, and conversely the proposed 
curve is its involute. If the normal PR be snpposed to move 
along with the point P, it is evident that the locus of the 
consecutive intersections R will be that curve to which the 
normal is always a tangent. This is rendered still further 
evident by considering it inversely ; thus, by supposing a 
tangent to roll over a curve line, its successive indefinite inter- 
sections will obviously be the points of contact and therefore 
trace out the same curve. Hence a tangent drawn to the 
evolute at any point coincides with the radius of the osculating; 
cdrcle drawn to the point of contact. The equation of this 
tangent, art. (73), gives 

V(*-*")-'ii"(y-y")=o. 

Differentiate the equation 

{*-*")' + (y -/)» = /.'. 
nqtpoiing «", y*, and p to vary, and we have 

(«ii-<i^')(# - *") + (<fy ~ dy")(y-y") = pdp, 

I hot, «", y" appertaining to the normal of the curve at the point 
«y, we have by its equation 
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whicb rejected and the Bigna changed, we get 

d^V-*") + df(s-y") = ~pdp. 
From thia snd the precediog equation to the tangent to the 
eTolntc we find 

where rf«"^ = dx"^ + dy"\ «" being the arc of the erokte 
fivin any given point. 

These valuea of « — «" and y — y" being snbstitated in the 
e^wtion p* = (* — «")' + (y—y")*, we get 

■■• »'' = P-P0' 
where pg is the radius of cnryature corresponding to tlie g^Tcn 
point from which «" is estimated. 

Hence the length of the arc of the eTolute between any two 
points is equal to the difference between the radii of the 
corresponding osculating circles. 

From this elegant property it follows that the original cmre 
may be described by the unwinding of au ineztensible thread 
from off the evolute. Thus if the normal or radius of 
currature AQ be conceived to be a thread extendii^ round 
the erolute QB, it is obvious that 
by unwinding this thread, keeping 
AQ always stretched, the point A 
will trace out the curve AB, and , 
the unwound portion of the thread 
having passed from AQ to PB, 
the intercepted arc QB of the 
erolute will be equal to PB — AQ. 

Considering the evolute as a primitive curve, its invotvU is 
thus described. 

(80.) For the determination of the equation of the evolute I 
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to any pippoaed curve ve have, art. (77), the foUcnring ex- 
presdona for the coordmates of the pomt R or of the centre 
of curvature, vii, 

,,_ djfife' ± 

,,_ dxds^ _ djt 

or, making x the independent variable. 



=-!■ 









, = y'_(^ + V')^. 3, = y''-U + y')^. 



By means of these and the equation of the curve AB, if the 
ordinatea xy and their differentials admit of being eliminated 
an eqnation will thence be found expressing the relation 
between ;r" and y^, and will be that of the evolnte. 

I,et the equation of the evolute be given to find that of its 
involutes ; then since p:= p^ + s' and dp = <&", the values of 
* — «". y — y". art. (79), give 

which being calculated in terms of ^v" and y", if these variables 
can be ehminated, the resulting equation in x and y will be 
the required equation to the involutes, p^ beii^ an arbitrary 
constant. 

Example I. — Determine the evolute of the EUipge whose 
eqtiation Is 

as + js-'- 
Taking « as the independent variable, 

dx o*y <ir* 0^* ' 
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fl«_J3 o" — i* • 

y' = ?-^*», mAy"=-~i^y'i 

tioD the reqaired equation of the cTolute is 

Example 2. — The erolate to the parabola y' = 4m* ia the 
semicubical parabola 27n>y"^ = 4 (c" — 2m)K 

Example 3.— The erolute to the rectanguUx hyperlwU 

*y = fl= 13 (y + y")* - (y - y")* = (4 a)*. 

Example 4. — The evolute to the hyperbola -j — n~' 

is (o«")^ - (V)* = ("= + «")*■ 

Example 5. — The evolute to the cydoid y = •^2ax — *' 

+ a vers-' - is a cycloid equal to the original tme, but in an 

inrerse position. 

VI. Potilum 0/ Convexity. ' 

(8 1 .) As before, let a denote the angle which the tangent to 

the curve at the point xy makes vrith the asis of x; then, 

art. (73), 

x^ -^ 
"*"" dx' 

For the purpose of conveniently expressing the relative 
positions, let the axis of z be considered to be horizontal, and 
that of y vertical, the positive direction of « being to the 
Hght hand and the positive direction of y being upwards. 
Then the tangent being supposed to be drawn in the positive 
direction with respect to the axis of x, its inclination (•) 
with the horizontal will be 

downwards J ax i ne^tive. 
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Now, when the cnire at the point P, as io the disgrain, has 
its coaTex side upwards, the angle « 
thns estimated will evidently deereaie 
. ^^wiUben*- 



gative. X 

Also, when the convex side of the 
curve is downwards, the angle w will inereaae as x tnareatei, 
or — -J— ^ will be positive. 

The position of eonvexity a therefore thus determined : 

m.n j!f i, { "S"*" } it i. pr..»ttd I »'""'*'■ 

dx^ L positive J " \ downwards. 

In a similar manner the position of convexity with respect 
to the vertical vrill be determined by the algebraic sign of 

dy d^y . r positive 1 . ^ J to the right hand 
/ "ttoti 



I. negative J \ to the left hand. 



VII. PoinU of Ij^exion. 
(82.) When a cnrve is convex downwards, or in any other 
direction, and becomes ai^rwards convex in the opposite 
direction, it must have passed a point of contrary flexure in 
the vicinity of which the curve will resemble the middle turn 
of the letter S. In passing through one of these points, the 
second differential coefficient — ^, which determines the posi- 
tion of convexity upwards or downwwds, must change its 
algebraic sign, and its value must therefore pass through 

Oorl. 

The condition for determining a point of contrary flexure or 
point of inflexion ia therefore 

,5 Google 



Diigrata I- 
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If the vslue o( —^ at this point pass throi^h — +, the 

inflexion win be of the chsracter represented 

in diagram 1 ; and if it pass through +0 — , . 

it will be as exhibited in diagram 2. These 

two forms will represent all cases of inflexion 

if they are only placed in diffdrent posidons 

with respect to the coordinate axes. It is 

also obvious that the value of the angle a, 

which the tangent RS makea nith the axia of m, will be • 

minimnm in diagram I, and a wi«<rimiiim 

in diagram 2. 

The BxpressioD, art. (78), for determining 



Therefore when —2 
Ac' 



Disgrsm 2. 



the radius of curvature p, contuns - 

the denominator 

passes through and changes its sign, the value of the radius 

p will also change sign bj passing through ~. Hence the 

reason why the formula referred to expresses the value of p 
when the convex side of the curve ia upwards, and gives to p 
a n^ative value when the convexity is downwards. Also as 
these radii are drown in opposite directions, the centres of 
cnrvatnre being on opposite sides of the onrve, this is in 
strict conformity with the usoal geometrical interpretation of 
the symbols + and — . 

£*«Bij)fe.— The Witch *y = 2 a (2 a* — *»)• his two points 

of inflexion determined by f := ~, y ^ ± o <■ ^^■ 

(83.) Note. — When the equation to the curve is given in 
the implicit form u =/(«, y) *= the valaes of the differential 
coefBcients, -^, J^-, of y with respect to *, used in the 
preceding formulae, arts. (75) to (82), wQl require some 
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prelimiiurj calcnlalJOD. The conuderatioii reonired fin this 
may be obviated hj expressing tbe fitrmolie in terms of the 
partial differential coefficieuta of the function v =/(', y). 
To effect this, the BuccesGive differentiation of the eqnation 
M = 0, art. (3S), making x the independent variable and 
d'x = 0, gives 

V<i*V + V-^ dy) d^ + \dy''} d^' + \dy) dx* ' "' 

whidi are the relation! coDDecting the values of S. and -^ 
dx ax' 
with those of the partial differential coefQdents of u. Hence 
we obtain 

* __(5) 
W 

The anbstitntion of these values will accomplish tbe requisite 
transformation. For example, the espreasion for the radins 
of curvature, art. (78), becomes 

.... ^f JFi* 
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which is necessarily i^mmetrical with respect to the co- 
ordinates. 

The correipooding transTormadoD of other formolte is 
olmous and may be here left to the student. 

Tin. MvltipUPciKU. 

(84.) A multiple point is a point in which two or more 
branches of a curve meet or Intersect. If it is conunon to 
two branches of the curve it ia called a double point; if it is 
the concourse of three branches it is called a tripU point, &c. 

At a multiple point there will be a tangent to each branch 
of the cnrre that passes through it, and therefore the dif- 
ferential coefficient ^, which determinea the poddon of the 
tangent, must admit of corresponding ranltiple valnea. In 
this case the expression for -^, deduced from the equadon 

of the curve, will take the indeterminate form ~, and its 


multiple valnee may be obtuned by either of the methods 
given in arts. (61) and (62). 

Let u =f(x, y) = be the equation to the curve ; thai, 
art. (61), the conditions for a multiple point will be 



-• (S)=». «)=»> 



and if, for the values of x and y which simultaneousfy fulfil 
these equations, the second partial diiFerential coefficients do 
not all vanish, the point will be double and the values of 

a = ^ will be determined by the quadratic equation 

\ (S)-(^,)-(S5)=»- 

of abbreviation, let this be denoted by 
(A) + 2(0. + (B).' = 0, 
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then the two values of a will be 

c+'JC- AB 



DingTTUD 1 



Diagttm 2. 



oo 



Diagram 3. 



We maj hence, accoiding to the nature of these roots of the 
qoatbratic, distinguish three doasea of double points : 

I. If the two roots or values of o be real and unequal, the 
two hranches of the curve will take 
diflerent directions, and the point 
will be a point of intersection or 
real double point as represented in 
diagrams 1 and 2. These and the 
following diagrams may be placed 

in ai^ position with respect to the axes of coordinates. 

II. If the values of a be equal, the two branches of the 
curve will have a common tai^ent, and therefore also have 
mutnal contact at the point under consideration. In this 
caae if the convexities of the two branches 
be situated on opposite sides, the contact 
will he external, as shown in diagram 3, 
and the point is called a point of eontaet 
of the/r»i kind or point ofembriutement; 
and if the convexities Ue in the same 
direction the contact will be internal, as in 

diagram 4, and the point is then called a point of eontaet of 
the »eeond hind or point of oieulalion. Diignun 4. 

If, however, the value of c* — AB under 
the radical, which vanishes at the point P, 
should change its sigu and become nega- 
tive on one side of the point, the cor- 
responding value of a will be unreal, and 
therefore the two branches of the curve will be restricted to 
one aide of the point, which is then denominated a ctMp. 
As before, if the convexities of the two branches he in con- 
trary directions, the cusp is of the Jlnt kind, aa shown in 



J 
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di^nm 5 ; end if the convexities are in the same direction 
it is of the teetmd id»d, as shown in dia- DUgrim 6. 

gram 6. 

III. If the values of a be nnreal, then no 
real branch of the curve can pas* throogh 
or meet the proposed point, which, being 
thua detached from its assocnated curve line, o 
is in such case called an itolated or eot^vgate point. 

(85.) The analytical criteria fbr discrimi- 
nating the character of a double point are Dii 
therefore as foiiows : 



r 



—«■ (£)=». (!)=«■ •'" 
— "(a)"-(S)(|-:)>°- 

the point is an interteefion of two branches of the cnire and 
is a real double point. 

0; if> Ofor points 



II. When 






immediately preceding and following, it is a amtaet of two 
branches ; if of different b^s at these points, it is a ciHp. 
The contact or eutp will he of the Jirtl or iccond kind 
according as — U for the two branches has d^erent ngns or 



the 



= 0, this will indicate an infietio*. 



(dH\ (^ 
"WArfyV 



<0, it is an itolated 



or conjugate point. 

It is easy to extend the process to higher orders of multi- 
plicity. If, fbr the values of ;r and y which fhlfil the 

equations w = 0, 1 -^ I = 



•(S)=°'(^) 



= 0, ( T^ ) = '^i <*^ ^ tlmd paiv 
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tial differentml coefficienta do not vanish, then the valneB of a 
will be the roots of the cubic equation 

If the three roots of this equation be real and nuequal, the 
point will be an intersection of three branches or a real triple 
point, of wfaidh the point F in the annesed diaj^nun. No. 7, is 
an example. jjj^^^ j 

If two of the roots be eqnal, it will be a -^^ -~ 
point of eonlaet and interaeetion ; if the three \^^/^ 
roots be equal, it will be a point of double A 

contact ! bnt if the equation contain a pair of 
unreal roots, then only one real branch of the curre passes 
through the point, and it is therefore in that caae not a real 
triple point- 
Should the point P be a quadruple point, as v 
the third partial differential coefScieots will 
also Tanish, and the values of □ will be deter- 
mined in like manner by an equation of the 
fourth degree. 

Since an algehruc equation of odd dimen- 
■ious must necessarily have at least one real 
root, it is evident that a conjugate point can only occur when 
die d^ree of multiplidty is even. 

(86.) An examination of the character of mnltiplicity of 
any proposed point of a carve may in general be more readily 
effected by a method analogous to that given in art. (62), for 

determining multiple values of -^ when of the form -, and 

df 

which we shall here repeat with a slight modification. 

Let the coordinates of the point P be x = a, y = 6 ; tiiea 
if in the equation of the curve x and y be replaced by a + /, 
^ + y*) we shall have an equation in which x', y' are now the 
coordinates of any other point F in the curve estimated from 
the proposed point P as a new origin. In this equation make 
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y' = ^^; then drndiug throughout by the power of af that 
may be common to the several terms, we shuU obtain an 
equation 

in which /3 will denote ^ or the tangent of the angle which 

the chord W males with j^, and when 3/ is made ^ the 
corresponding values of |3g given by this equation will evidently 

be those of -^, and the number of such values will, aa before, 

<U 
determine the multiplicity of the point. 

Also, by giving to x* a small positive or a small negative 
value, we may ascertain the number and situation of the 
corresponding points V in the immediate vicinity of P on 
either side. 

Since y'= ^Z we have, by differentiating with jt* as the 
independent variable, 

therefore at the point P, where *" = 0, 

The first of these shows that the values of fi when le* = 

are those of -^, as before stated; the second will determine 
dx 

the positions of convexity by art. (81) or the radii of cnrvatnie 

by art. (78) if required, the formula for the latter being 



<S). 



The nature of each separate branch of the curve may, 
however, be easily made known by comparing with ^^ the two 
values of & which corre^ond to small positive .and negative 
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Tilnn of y. Thus, if O — ^) V continues to be positiTe, the 
taavesity ia evidently downnards ; if it continue toben^atm, 
tie convesity is upwards ; and if it change sign with *, the 
pcdnt is one of inflexion. 

Example 1. — Let ** — axh/ + fiy^ = 0, and determine the 
nature of the point at the origin where x = 0, y = 0. 

Here 

(£)=-=»-(^)=-.(^)=°. (?)="• 

Therefore the equation for determiniDg the raluea of n 
dx 

the roots of which are a = 0, andn = + "V 7. a herefore 

the pmnt is a real triple point umilar to that shown in 
diagram 7. 

Otherwise, the oripn being already rituated at the pro- 
posed point P, substitute y = ffx, and x*—ax*ff + bx^fi^ 
= 0, which divided by »' gives x—a^ + 5j3' = 0. Hence, 

at the origin, — «3 + fii3' = ; .'. (3 =: and /3 = + ^Y' T" 
and the point is a real triple point. 

Example 2. — The equation being ay* + fi** — ** = 0, 
required the nature of the point at the origin. 

Substitute /3* for y and divide by »'; then, 03* + i 

- * = i .•- )3» = , and at the origm, « = and 
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-.^fZi. 



which being nnreal, the point u detached from 

its carve, and is & conjugate point. 

Example 3.— The cnrre (ay-x>)»(«« + **) - m»a>i* = 
passes through the oiigin; it is reqoired to find the natare of 

thin point. 

Suhstitutc, as before, y = fix; then, dividing by **, «e 
get, 

(ojS - xf (a» + *») - rn'o'*" = ; .- 



At the origin $^ = 0, and, as the double valnea <^ hete 
merge into one, the two branches have mntoal contact vidi 
the tSM of 2 at this point. Differentiating the vahie of /S we 
have also 

dl3 1 , Mo» . fd$\ 1 + m 



Therefore, if m > 1, the convexities lie in opposite directions 
and the contact is external ; if tn < 1, the contact is internal, 
or a point of osculation, and the two branches have thdr con- 
vexities presented downwards ; and in either case the two radii 

of eurvatuie are p^ = - ^j^~^ ■ 

Example A. — The curve whose equation is aJf^+u'— 6y'=0 
has a double point at the ong^ and the directions of the 

branches are determined by 3^ = + . f— . 

Example 5. — The curve (o*— «^) y*— (a* + *>)i3 = o has 
a double point at the origin, and jSg = + 1, or the branches 
make equal angles vritb the axes of coordinates. 

Example 6.— The Lemniscale («* + y*)* — o^(**— y') = 
has a double point at the origin, and the branches make equal 
angles with the axes. 

Example 7.— If 6 (y — *)*-«» = 0, the origin will be 
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R cusp of the first kind, the common tangent making equal 
snglea with the axes. 

^xempfeS.— IfiF* + a**'— fiSy»=0, the origin will be a 
cnsp of the first kind toaching the axis off. 

Sian^e 9. — In the Ciiaoid y'{2a—x)—i^ = 0, the origin 
is a cnsp of the first kind also touching the axis of jr. 

ExanvpU 10. — If (ay— a*— **)*—** = 0. the origjn will be 
a cosp of the second kmd, with the two conTexities down* 
wards, and the common tangent making eqaul angles with the 
coordinate axes ; also the branches at this point will have 
the same centre of corvatnre, the conmion radius being p^ 
= — aV 2, so that the contact is of the second order. 

Example 11. — The erolute to the ellipse, example I, art. 
(80), 

has four cusps of the first kind at the paints 



IX. Traeinff of Curvet. 

(87.) The equation of a curve bong given, it is sometimes 
required to develop its psTtitnilar structure, peculiarities of 
form, and general character. Such an investigation is ttaaally 
called discutting or tracing a curve from its equation, and 
onlj requires the practical application of the preceding for- 
molse. It will be sufficient here to indicate the chief points 
that should engage attention. 

I. If the equation be in the implicit fbmii it will be advisable, 
if practicable, to solve it with respect to one of the variables, 
provided the result be in a convenient form for calcnlation. 

By first making y = and then x ^ 0, we shaU ascertain if 
the curve crosses the axes and the positions {x^ 0), (0, y^) 
of the points of intersection. Also, by assigning to one of the 
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Tanablea a series of positive valaes from to co, and of 
negatife values from to — oo , and calculating tlw correspond- 
ing values of the other variable, we shaU be enabled to follow 
the course of the curve, and to discover if it lias any infinite 
branches. In all these calculations both positive and negative 
results should be caretiillj included, so hs to obtain the com- 
plete branches of the curve. 

II. Should the curve possess any infinite brauches, ascertain 
if thej have asTuiptotes and determine their equations, and 
thence their geometrical positions. 

III. Determine the value of -r--> and from it deducethemttzl- 

mum and minimum values of ic and y, and the angles at which 
the curve cuts the axes, &c. 

IV. Determine the value of ^ and thence the relative poai- 

tions of convexity (>f the different branches, and the points of 
inflexion if there be anj. 

T. Should the expression for ^, for particular values of the 

variables, become of the form tt-, determine the nature of the 

corresponding multiple points. 

Note. — la some cases the character of a curve can be 
discussed with greater facility when its equation is transformed 
into polar coordinates. See the following Chapter. 



X. Envelope*. 
(88.) Let the equation to a ayatem or fenuly of curves be 
denoted by 

U=/(*.y.«) = 0, 
nhere a is a vanable parameter which is only constant for 
each curve. For each specific value of a the equation will be 
that of a determinate curve ; and when a varies coutinuouslf 
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it will determine a coDtianoas succession of corves, the position 
and character of each of which will differ but little from 
that which precedes it. 
Let 

U„=/i;/,y,a)=0, 

\], = /{s, y,a + 2<fo) = 0, 

be three consecutive cnrves in this series, and suppose P to be 
a point in which the carves Uq and U, mutually intersect, 
and P" the corresponding point in which U, and U, intersect. 
Then, since the two points P, V are both situated in the curve 
TJ|, it is evident that the curve which is the locus of the 
points P will have the element of its arc, PP' = itj, co- 
inciding with an equal element of the curve Uj. Therefore 
the curve traced by the intersection P will have contact with 
the entire family of cnrves U, and it is hence called the 
envelope of the system. 

The envelope to the family of curves U is therefore to be 
found by determining the locus of the point of intersection of 
two consecutive curves taken indefinitely near to each other. 
Let I, y be the coordinates of the point of intersection P ; 
then these coordinates will fulfil both of the equations U = 0, 
Ui = 0. Hence, in passing firom IT to Ui, the point P will 
remain fised and only a will vary, so that we must have 

We have thus the two equations 



&")-• 



from which the variable parameter a being eliminated we shall 
obtain an equation involving x and y, the coordinates of the 
point P, which will be the equation to the envelope of the 
proposed cnrves U. 

(89.) If the eqoKtitm U =/(<', y, a) be of the first degree 
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is X and y, it nill represent & aygtem of str^ht lines ; and if, 
as the parameter a varies continiioaslj, the rariable line be 
supposed to be in motion, the point P will obnoosly^be the 
cratre of instantaneous rotation ; and its locus will be that 
curve to which the line is always a tangent. This may be 
made apparent by conceiving the envelope or the curve which 
is the locDB of P to be represented by a rectilinear polygon of 
an indefinite number of sides, each of these sides at the same 
time represendiig an infinitesimal element th of the curve. 
The udes produced will represent ' tangents to the curvt^ 
and the angular points will eridently be the intersections ot 
consecutive tangents. 

This proper^ of a curve being generated by the ultimate 
intersections of a series of lines determined by a given law 
may be further instanced in the evolute to a curve. Since, 
art. (79), the normal drawn to a curve at any point is alwaya 
a tangent to the evolute, it is evident that the evolute will be 
the envelope to all the normals, in the same way that a curve 
b the envelope to all its tangents. 

Example 1. — Find the envelope to the system of linea 
determined by the equation f + ?f = 1, where a and ff are 

variable parameters subject to the condition a^ = Am*. 

By differentiating the equations with respect to the para- 
meters, we have 

fida + adff = 0. 
from which eliminating da, dp, we get - ^ ^ = -, or a ^ 2«, 

j9 = 2y. These substituted in o3 = 4)»*, we have for the 
envelope the equation ay = m*. which is that of a hyperbola 
referred to its asymptotes. 

Example 2. — ^The equation to an ellipse being _ . ^. ^ = l, 

that of the normal drawn through the point x'y' ia, example 



©=' 
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«t. (74), — ' 2 _ o* — i* ■ detennine the envelope to 

■II these normala. 

The two TariBble puameten /, / majr be reduced to one 
byiiiBkiDgj;' = acoBa,y' = fisinai then, putting e'=a^—i', 
we shall have 

U = -^-^^-.> = Oi 

and, differentktuig with reapect to the variable parameter a, 

soa'a Bin*o • 

From the latter equation, tan n = — ( ~i. I ; and b j snb- 

Btitatiug the correBponding values of cos n, sin a in U = and 
tedadng we finally obtain 

(«*)* + (6y)* =(«»)* 
which is the evolnte to the eliipse, and agrees with the result 
before obtained in art. (80). 

Example 3. — The envelope to the system of straight lines 
determined by the equation y = a« + - is the parabola 

jr' = 4m*. 

Example 4. — The envelope to the system of circles 
(« — m — <i)* + y' = 4»iaisalso the parabola y^ = 4 mji. 

Example 5. — If a straight line whose length is e shde with 
its extremities upon the axea of cooidiuates, ita variable equa- 
tion will be represented by — — + f ■ = I ; and the : 
envelope, or curve to which the line is always a tangent, will 
be the hypotrochoid :f' + y^ = e'. 

Example 6. — ^The parabolas described by projectiles dis- 
cha^ed, in vacuo, from a g^ven punt with a given veloiuty are 
included in the equation At»y=Amax— (I +a^)x*; and 
the envelope to these is the parabola x* = 4m (m — y). 
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CHAPTER Vm. 

FORHVLS FOR POLAR EQUATIONS, &C. 

(90.) The system of representing positions bj means of 
£ooTdinates relative to fixed bms g^ves the greatest faciUtj 
and the widest range to the applications of the analysis. It is 
on that account mnch employed in geometty, and almost 
exclusiTely in physics, to which in nearly every branch of 
inquiry it seems to be particularly adapted. In the geometry 
of curve lines, however, it is sometimes convenient to in- 
vestigate the properties of certain curves from what is called 
the polar equation, and which is especially appUcable to 
curves of the spiral kind. 

A Sxed indefinite right line Ox, origi- 
nating at 0, is called the polar axis or 
prime radius; the fixed point is the 
pole or origin; any right line OP drann 
from the pole to a variable point P is 
called the radius vector to that point, 
and its angle PO^r with the axis the polar angle. 

The radius vector OP ia denoted by r, and the polar angle 
POi by 6 i these evidently define the position of the point P, 
which may be symbolically designated the point r$. 

The polar equation to a curve expresses a relation between 
r and 6, and is of the form 

F(r,0) = e! 
and, in most cases, r may be separated so as to give the 
explidt form 
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F and/ in most cases iuTolTliig the polar 'angle 6 under the 
fonn of tiigODOinetrioal functions. 

The quantities r, B being thus nmde subject to an equation, 
ve shall have particular values of r for each successive value 
of 6 ; and hence the point P becomes restricted to a particular 
curve determined by the equation. 

The perpendicular OH from the pole upon the tangent 
being, as before, denoted by p, the equation to a curve is 
in some cases advantageously expressed in r and p. 

(91.) Polar Equivalents. — By taking the axis of* for the 
polar axis, and the origin of the rectang;ular coordinates for 
the pole, we shall obviously have 

* = rco8tf, y = rsin3; 
and hence also, by differentiation, 

(ir = drcoiff — rdesiaB, 

dy = drtinB + rd6c086i 

(f »*■ = d V cosd - 2<fr rfflsmfl — rrfd* costf — rrf^flsind, 

rfSy = dVsinfl + 2drdee<is0 - rdS^sme + rdH cosB. 

These values substituted in any given formula involving 

rectangular coordinates, will give the equivalent polar formula 

in terms of r, 6 and their differentials. 

The following relatioos are sometimes useful in dynamical 
investigations : 

da coeO + dy einB == dr, 

dy CM0 ~ dt aaO = rd6, 

<P*cosfl + (fVsinfl = dh-~rde\ 

<Py cosfl - d^xiiae = rd^e + 2drd6 = ^^l!^. 

When 6 is taken as the independent variable, d0 will he 
constant, and the terms containing d^$ will disappear. 

(92.) Beelification. — Substituting the foregoing values of 
(£r, (fy in the equation dt^ = dx^ + dy^, we get 
di^ = dr^ + r^de\ 
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(93.) The value of dt may be immecliatelf deduced from the 
diagram. Thus if OP and OF be the radii vectorea, sub- 
tending the arc PF=(& and contsming the angle POF=tM, 
let Pm be a small arc described with the radius OP and 
meeting OP* in m; then, when the elementa are infiuitedmal, 
this smell arc maj be regarded as a right Ime perpendicular I 
to OF i also, we shall obyiously have mP' = dr, and Pn 
= rd$i 1 

.-. dt' = PF* = mP» + P«» = <fr» + f^d6K ' 

Several of the subsequent formuhe may also be obtiuned 
geometrically from the diagram, and the determination of 
them in thla way would form usefnl exercises for the student. 

(94.) Perpendieular on Ihe Tangent. — The perpeudicular 
OH from the origin upon the tangent being denoted by^ 
we have, art, (73), 

adg—ydx 
di ' 

By substituting the preceding polar equivalents, this gives 

P~ da ~ ^{dr' + r'dfiY 

Cor. — If v = - : then du = — -r, and we obtain the neat 
f r" 

formula 



(95.) Saetorial Area. — Conceive two consecutive radii vec- 
tores OP = r, OP' = r + dr to be drawn, subtending the 
element PP'= tb of the curve and cantaiuing the angle 
POF= dS. The sectorial element thus formed by these 
radii vectores and A may be considered aa a plane triangle. 
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«id the perpendicukr from the origin on the opposite aide 
ifa prodoced will obrioualy be that on the tangent to the 
curve. Therefore, p denoting this perpendicolar, the area 

of the sectoriiU element =^^ ■ That is, denoting hj S the 

sectorial area of the carve estimated from a given ntdina 



. iS. 
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(96.) Inelinalian of the tangent teith the radius vector. — > 
Let the angle OPT included bj the tangent and ladiaa vector 
be denoted hj P ; then by the diagram, 

OP~r' 

■■■ o..P=^^''^^-f•'. l..P= „; _,, . 

Substituting the value ofp, art. (94), these became 

^ ds ~ ^{dr^ + rH^)' 

*^'*^ - di - V(** + >■*<«*)* 
tanP=t^. 
Cor. — Hence we obtain. 



""cosP ^/(^''-y)■ 
pdr 



-tanP=:- 



r'd$ _ prdr 
2 ~2^{r*-f)' 
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which are here expressed in tertnB of Uie radius vector | 
and the perpendicular on the tangent. 

(97.) Tangent and Normal. — Let a 
straight line NOT be drawn through 
the origin at right angles to the radius 
sector OP, and iotersecling the tangent 
and normal in the points T and N. 
This line we shall here designate the 
relative axU to the point P. It is 
evident that the positions of the tangent and normal with 
respect to this axis will enable us to construct them geometri- 
cally. The line PT is the polar tangent, PN is the polar 
normal, OT is the polar mibtangeni, and ON b the polar ntl- 
normal. From the angle P, determined in the last article, 
the values of these lines are immediately deduced as follows : 




polar normal = -r-^ 
"^ amP 



•PN = 



0T= polar snbtangent= r tan P= „ ^'' „, = - 



OK=>,= rcosP= V (r»-p») = ^. 

(98.) Agymptotei. — If for any fiDite value of 4 the value of r 
becomes infinite, the radius vector does not meet the curve 
at any finite distance, and therefore it must be parallel to the 
tangent which belongs to the corresponding point at the infinite ' 

distance. The polar subtengentOT = —^ will then beconae ; 
identical with the perpendicular from the pole on the tangent, 
and if its value be finite, the tangent admits of being con- 
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Btructed and is thea an asymptote to the curve. If the polar 
sabtangeat = 0, the asymptcte passes through the pole and 
coincides with the radius rector : but if the value of the polar 
suhtangeut be infinite, the tai^ent, being at an infinite distance 
froin the pole, is not an asymptote. 

If the diagram be conceived to be turned round into such a 
position that tKe radius vector shall proceed from the pole 
towards the right hand, the rule of signs to be observed in the 
c(mstruction will be simply as follows : If the value of the 

polar Bubtaugent OT = —r— be potiHve, it must be measured 

dmemearda, and if it be ntgntive, it most be mtatured upwards; 
then the right line drawn through the point T parallel to the 
radius vector, will be the required asymptote. 

(99.) A polar curve may hare a circular asymptote. If, 
when the value of the polar angle 6 is supposed to proceed 
positively or negatively to infinity, the point P recedes from 
the pole unti] the radius vector ultimately attains, as a 
superior limit, the finite value a ; then a circle whose centre is 
the pole and radius a will evidently be an eiterior asym- 
ptotie drele. But if the point P approaches the pole, until the 
radius vector reaches as an inferior limit the finite value a, the 
nrcle will be an interior atymptolic circle. 

(100.) Circle of Curvature.— The value of the radius of 
curvature obtained by general differentiation, art. (77), is 

= + "fa' 

— dyiPx—dxtPy 

But, using the polar equivalents, art. (91), we have 

drid^xtiae—d*ycoB$) + rdff (d^x co60 + d'y tin ff) 
= -dr{2drde + rrf'fl) + rde{d^r-rdS^) 
= -(«(f^rffl» + 2dr^-rd^r)-rdrd^S; 

. _ d»^ 

" ** <tt(r»<tf» + 2ii-s-rd8r)+rdr<i»ff' 
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y taking 6 aa the indepmdent variable, 



which will be positiTe when the convexity is downwards, and 
negative when it b upwards. 

If.= i,th«, = i,*=- ^„i.r=-^ + ?*!, 

and the expresrion for p radnces to the convenient form 

(101.) The value of the radius of curvature in terms of r 
and p may be found as follows ; 

Beferring to the diagram, we have the angle OFI ^ P, 
POI = (», and PID = »; .■.<• = P + fl, and da = rfP + dS, 
But from the values of sin P, coa P, sit. (96), we deduce 

rdp —p dr 




This neat relation may be verified by substituting for <^ 

the differential of the espresaion p = . ; - , tM^ V "^^ 

result vrill he fomid to correspond with the value before 
obtained. 
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1, In the lemniscate r' = a*C082fl, p = — • 

2, la tbe spiral of Archimedes r = afl, p = j ■ ^ ■ 

3, In the reraprocal spiral h ^ ~> p — :-i- — . y . ■ ' - 



4. In the cardioid r = a (1 — coa^, P=t \/2or. 

5. In the logarithmic spiral p = mr, p = —. 

(102.) Chord of Curvature. — The portion of the radius 
rector, produced if necessarr, intercepted by the circle of 
carrature, is called the chord of CKrvalure. As this chord 
eridentl; subtends an angle, at the centre of the circle, equal 
to 2P, its value 19 

Chord of Curratare = 2psinP = ?^= ?^. 
'^ r dp 

Example 1 . — In the lemniscate r* = a' cob 26, the chord of 
2 
curvature = s *■■ 

Example 2. — In tbe cardioid r = « (1 — cos S), the chord of 

4 
curvature = ■;•■■ 

(103.) Evolule and Involute. — The radins of curvature 
coincides with the normal and toocbea the evolute, art. (J9). 
Let r, = OE,ji, = OK he tbe radios vector and perpendicular 
on tbe tai^nt which belong to the evolute at tbe point of 
contact. By referring to the fig;ure, page 148, it will be seen 
that p and p, constitute a rectangle HOKP with the tangent 
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and Domial Ut the corre ; also that OK>=HP>=OP*— OH' 
and OB* = BK> + 0K^ that ia 

)',■ = '■-)■■- 

r,' = 0. -,)'+,,« 

= 0'-r)' + '-"-j'' 

= ,'-2,,+!^. 

The value of fi = -=— bong prerioiisly determined, we on. 

usoally hy means of these two equations and the eqnatioD of 
the curve /(r, p) =■ 0, eliminate r and. ji, and bo obtain tlie 
equation of the evolute in r, andj>,. 

Example 1. — ^The erolute to the logarithmic spiral j) = air 
is a similar Ii^arithmic spiral j), = mr,. 

EximpU 2.— The erolute to the epicydwd^* = i S^~^^ . 

is another epicycloid j»,'^ j ^~"* 

(104.) The ralue of the nidiiu of curvature may be dmplj 
deduced from the equation 

r,« = p» — ipp + r'. 
Sin(», when we proceed to a consecutive point in the curv^ 
OR = r, and PR = p, which have reference to the pole O and 
the intersection R of consecutive normals, do not change, we 
may diiferentiate with respect to r and^ onlyi which givea 
_r* 
= dp' 

(105.) Let r', p' be the radius vector and perpendictdar on 
tbe tangent which belong to an involute of the curve. As the 
curve is its evolute, we have from the foregoing equation^ 



-r"- 



-2pdp + 2rdr = 



•=C^-//---^'- 
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The valnes of ;> and r pvea hy these equations being 
substitated in the equation of the curve, we shall find an 
eqoation involviog r*, p' and their differeutials. If it an be 
integrated, the equation of the inrolutes of the curve will 
thence be found. 

(106.) With respect to the erolute, let p, be the radius 
of cmrature at the point B, tU, the element of the are, and «, 
the inclination of the tangent RP with the polar axis. Then 

a), ^ <B + - and da,= dp; 



dm, da dw^ 

the differentiationi!! being with respect to « as the independent 
variable. 

* These formuhe are useful if « or p can be expressed as a 
function of «, or when a curve can be reduced to an equation 
of the form F(#, «) = 0, or/0>, <*) = 0. Thus in the example 
of the cycloid, page 1 24, we have 



2a 



p=;2\/2a(2a-«): 
_dp__ __ 



4a u 



and the two equations fj^4asintt, and p, ^— 4(>sin«, 

which determine the respective curves, show that the evolute 

, to the cycloid is an equal cycloid placed in an inverted 

(107-) Posifiom of Convexity and Points of Inflexitm. — 
When p is constant or dp = 0, the curve becomes a straight 

* It may here be auggested that a curve may be detemiinecl by an 
cqnation between any two, or more, of the quantities r, t,p, m, p, t, and 
that in particular casea the investigation of the properties of a curve may 
be greatly simplified by aa appropriate eelectioa of vaciablea. 
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line snd therefore haa no convexity. On examining the 
diogntm it is erident that if a curve ia concave towards the 
pole, r and j) will either both increase or both decrease, and 
therefore S. will be positive ; and if the curve is convex 
tiiwards the pole, r and p will one of them decrease when the 
other increases, so that ^ will be negative. 
Hence, we have this rule : If 

^ ; r positive 1 the cnrve is f ^-"^'^ \ towards the pole, 
rfr 1 negative J |_ convex / *■ 

When -^ changes si^ by p«saing through or - the 

directioa of curvature will become reversed, and this will 
indicate a point of inJUxiim. 

(108.) Loett* of the point vjhere tke perpendieulariueets the 
tangent. — Let it be required to find the equation to the curve 
which is the locus of the point H, where the perpendicular 
from the pole intersects the tangent. Denote the radius 
vector OH of this curve by r,„ and the corresponding polar 
angle and perpendicular upon the tangent by d„ and^„. Then 
we shall have J} = r„, and, since OH is perpendicular to PH, 
the angle between two consecutive positions of OH will be 
equal to that between corresponding positions of the taogeJt 
PH; that is, <«„= da. But, art. (101), 



and. art. (96), rffl„ = — ,f"^''" .. ; 



Hence, if the polar equation to the given curve he^(j>, r) 
= 0, that of the locus of H will be/(r,„^ ) = 0, beii« ob- 
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r * 
tained by umply substitudiig the Talues p=i r,,, r^ —in the 

given equation. 

Exmnpk 1 . — In the case of the logwithmic spiral, the locns 
of the point H is an equal and similar logarithmic spiral. 

Example 2.. — In the'case of the rectaDgular hyperbola, the 
locus ia a lemniacate. 



The preceding articles present a complete digest of the 
most useliil formnlK which relate to cnrrea referred to polar 
coordinates, and by them we are enabled to trace and discuss 
all the peculiaritieB and properties of curves from their polar 

(109.) For convenience of reference, we shall here collect 
together the equations of the principal known curves ; and we . 
shall then conclude with some general theorems, which have 
been deferred for insertion at the end of the volnme. 

1. The Parabola/ referred to ita vcrtexand ui«, {>*= 4nx; the toeta 
being the pole, the polir equation U r ■■ ; jj Wj>' — mr. 

2. The £Hip»; referred to it) centre and principil aia, the equation ' 



I when the focus i* the pole, it is 
^ V(o'-y) 
e and prindpil uei, the 
equation is ^ — g ■■ 1 ; when the centre ii the pole, f* ■■ n* .— j^ j- . t 



where a ~ — ^ • The hjperbola hia two UfniptotM. 

4. The EguOateral Hyperbola, when referred to ita uymptoCea, hia forits 
equabon 2j!y a ■■; and the polar equation ig i* •= ■ aa i'^P ™ "^ 




"W^ 
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5. The Cgtioid. — Beftncd to its Terta and axie, tbe eqaition ti 

y — ^(Saf— j^ * aiea -, 

which ms; be otherwise stated x = (i(l— cos^), y " a(^ -t- sin^]. 

6. The Cttlenary, — Referred to ■ point at Lfae distance c below the 
lowett point of the curve, with the aiia of r horizoatal ; its equation is 

id the radius of eumtnre p ca — if is eqaalto the 

Bonaal, hot dTHirn in the opposite direction. 

7. The Logarithmie Cxrvt. — Its oguatioa is y — te'; the tnbtangent 
— a ii constant, and the negative axis of j: ii an asymptote. 

8. The Cioold of Diocles. — Its equation is y' ^ ; the origin ia a 

eoip of the flnt kind, and the curve has'evidenClj an asymptote perpen- 
dicular to the ajis of f 'at the distance x-^ 2a. 

g. The CoiuAm'liofNicomedeB.— ItB equation is .rV=(i^-y^(i-l'y)>i 
the axis of y contains a donble point, and tbe uis of X' is an asymptote^ 

10. The LenmiKait of Beraoalli. — Its form fesemblea the sfmbol so, 
and, referred to its centre Or donhle point, the equation ia 

(*> + y>)»-«i{jr»-yi)i orr*-«»co.2fl, orj. - ^ 

11. The Wilck of Agneii. — Referred to its vertex, the equation ia 

y* — i it has iullBiions at the points z '=1 —, u •■ + — , mj ^ 

a-* 4 - ^ 

asymptote perpendicular to the aiis at the distance x ^ a, 

12. The ^itroj of Archimedes.— The polar equation is 

I^ The See^proeal ^>irat, — Its polar equahoa ia 

14. The LoffarilAmie Spiral. — Its polar equation ii r — afi; otp -r mri 
the curve intersects its radius vector at a constant angle P j and its evolnte 
and involute are spirals equal to the original one. 

15. The ConSoHl.— Its polar equation is r- a(l — cOBe)or r' = 2a^t 

the origin is a cusp of the first kind, and its evoiute is another cardioid ; 

also the lines drawn through the pole, and intercepted hy the cnrvs, are 

all of the same length 2a. 

* wla—f) 

IS. Qaadrttlrix of Dinoitratns. — Its equation is y — c tan - ^ 1 
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and it hti an infiiute Dumber of uymptotei perpcudicalar to the Kdt 
otx. When * — 0, j/ = xqd — — . 

17. Qxaifra/riz of Tachimhuuen. — Ilieqiutionuy ~ aiiii-^iUidit 
has infleiionB at the points where y c 0. 

18. Companion ta the Cgdoid: * = a{l- coa^), y - Oif, 

19. TVocAoirf; « = o(l-nco8^), p = a(i)i-»»iD^.). 

>, this becomes the ^lieycloidj and i 
■Ad. 

22. Hgpotnxhoid; x = (a— i)«)a^ + Acotf^^j^ 

, = (o-i)am*-4.m("-^)*. 

23. 'When A = i,tM« becomes the/rjijioeyeliiHly wheni " -,itgiT«a 

*■+ y* = a'; and when i =■ f, it becomes an BS^te. ' 

24. The ZituiM. — Its polar equation ii r^— ~ 

Ettler't Theorenu on Homogeneous FuneHons. 
(110.) If a =/(j, y, z, &c.) be a homogeneous function of 
n dimensions and of any number of variablea ; thea 

K£)-KP)- ^=-(^);;;^ 

» =»(»-l)(.-2)n 
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Since the functioii u is homogeneous and n ia the sum of 
the exponents of the variables in each term, if for x, y, g, &c. 
there be subBtituted (1 + o) j, (I + o)y, (1 + o)«, &c. it is 
erideat that the value of M will become (I + a)*u; that is 

(1 + uYu =/(«■ + oj, y + ay, a + aa, ftc.) 

The first of these being expanded by the binomial theorem, 
and the second by the formula of ut. (47). by equating the 
coefflcientB of the hke powers of the arbitrary quantity a, we 
obtain the elegttnt relations stated in the theorems. 



Loflaee's Thtorem. 
(111.) If y =/(» + «^y). in which y is an implicit func- 
tion of two variables ii: and « dependiag on the forms of the 
functions characterized by / and ^ ; then the development of 
any other lunctioa Fy may be obtained firom the following 
general theorem : 






-m^-^^f'^}.-:^.*^ 



By considering « ^ Fy ae a function of a its expansion in 
powers oix, art. (46), is 

where the values of ti^ and the differential coefficients, u 
indicated, are to be taken when f =: 0. For the investigation 
of the proposed theorem it will therefore only be requisite to 
determine the values of these coefGcients. Let 
jS=» + *^y; 
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Oua !/ =ffi =/(i + xipy). Bj diffeieDtiating fint with 
Kapect to X and then with respect to 2, we have 

J = (l + .fy|)/'ft c 

dx dz^ 

This equation b^g independent of the form of the function 
y=/& must evidently be true if y be replaced by any fimctitai 
of pot by any function of y. Substituting therefore u = Fy, 
we get 

du du J ,,. 

5 = **' <"• 

Again, since u is a function of y, which is a function of two 
Tsriables x and i, we have, art. (37) and this equation (1), 

<Pv _ £dttiPy _ d^ du^y _ ^ / *1 (<t „>3 "L (V\ 

d^~dx ds di dx dxXds^^' r" " 

d^u_d ddu (<t.s)^ _d'du (^y)« ^d^ fdu , , X , 
dx^~dxdx di "^ df di'Xdz^^^' i 



d rf"-' rfu(^y)"-' d"~' (&(^y)"~ 

~ dxdf^-* dz ~ (fc"-i lir 



= £^.{g*)-}--w. 



In deducing the tbIucb of the difFereutial coefficients when 
X ^ we may obviously make r = before differentiating ; 
that is, we may at once use w^ = Fjo = Yfz, and 0y|,= ^/i. 
Thus we find, 
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c^"^-^/l^•(*/.).}. 



\di-/, di—'l dt ^yj I j- 
aod bf substituting these values iu 

we obtam the theorem stated. 

JjOgrangii Theorem. 
(1 12.) If y = z + ii^y, where ^y denotes a giTen fiinc- { 
tion ; then the development pf anotbei function Fy in aBcend- I 
ing powers of z will be ] 

+-5?=.tTr<*''}o7rr;+*'- 

This is a case of Laplace's more general titeorem, firom 
which it immediately follows on making fz-^e; and when 
0« =:I, it becomes Taylor's theorem. 
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